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S u m m a r y
Bridge supe rs tru c tu res  c o n s is tin g  o f re in fo rc e d  concrete s la b s , 
supported by s te e l beams are o f common occurrence in  the sh o rt to  
medium span range. For the  design o f  these b ridges the magnitude and 
sense o f  s tresses caused by app lied  concentrated v e r t ic a l  lo ad ing  are 
o f p rim ary  im portance. This in v e s t ig a t io n  considers a number o f 
a n a ly t ic a l techniques fo r  de te rm in ing  such s tress  d is t r ib u t io n s .
The va rious  techniques are f i r s t  described in  d e ta i l .  They are 
then eva luated using  a number o f c r i t e r ia  (co m p lex ity , apparent 
accuracy, l im i t s  o f f i e l d  o f  a p p lic a tio n )  re le va n t to  p r a c t ic a l b ridg e  
design. C ons ide ra tion  is  made in  two broad d iv is io n s ;  the  o v e ra ll 
s tre ss  d is t r ib u t io n  and the lo c a l e f fe c ts  adjacent., to  a.wheel load .
I t  is  shown by a n a lys is  and confirm ed by experiment th a t the load 
d is t r ib u t in g  p ro p e rt ie s  o f the su p e rs tru c tu re  are cons ide rab le , and 
th e re fo re  th a t  economic design re q u ire s  s u ita b le  a n a ly t ic a l techniques 
to  be a v a ila b le .
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I n t r o d u c t i o n
R einforced concrete s lab  b r id g e  decks supported on s te e l beams 
represent an im portan t category o f  b rid g e  s u p e rs tru c tu re , accounting 
fo r  a la rg e  p ro p o rt io n  o f a l l  the s te e l b ridges b u i l t  in  Great 
B r i ta in .  In  e a r ly  b ridges o f th is  type the slab res te d  on the  beams 
w ith o u t in te rc o n n e c tio n . However, the economic b e n e fits  o f  composite 
c o n s tru c tio n , in  which the re  is  d e lib e ra te  shear connection a t the 
beam-slab in te r fa c e , have led  to  the almost u n iv e rs a l adoption o f th is  
form  o f c o n s tru c tio n .
The de te rm ina tio n  o f the s t ru c tu ra l a c tio n  o f beam and slab 
b ridges has occupied b ridg e  engineers fo r  many years. During th is  
p e rio d  a v a r ie ty  o f methods has been developed, p r im a r ily  fo r  
de term in ing  the way in  which loads are d is tr ib u te d  between the beams 
o f a b r id g e . These " lo a d  d is t r ib u t io n "  techniques have increased in  
importance as the s ize  and the wheel and axle  load ings o f heavy 
ve h ic le s  have become more severe. F o r, i f  the designer is  to  take 
advantage o f the d is t r ib u t in g  power o f the concrete deck, (and fo r  
an economic design th is  is  e s s e n tia l)  be must have access to  a 
d is t r ib u t io n  technique which s im u la tes as c lo s e ly  as p o s s ib le  the 
p h y s ic a l a c tio n  o f the s lab and beam system.
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At the same tim e i t  is  im portan t to  be aware o f the lo c a l 
a c tio n  o f a wheel p laced in  an a rb it r a ry  manner on the concrete deck.
To some ex ten t th is  problem has been neg lected and the major a n a ly t ic a l 
and experim enta l a c t iv i t y  has been devoted to  the g lo b a l (as opposed 
to  lo c a l)  e f fe c ts .  Neverthe less in c re a s in g  wheel loads make i t  
necessary to  examine the v a l id i t y  o f a v a ila b le  techniques fo r  dea ling  
w ith  the problem.
Note on a n a ly t ic a l methods
The deck-beam system con s is ts  e s s e n tia lly  o f an e la s t ic  p la te  
supported by, and composite w ith ,  e la s t ic  beams. The m athematical 
order o f any a n a ly t ic a l trea tm ent which takes f u l l  account o f the 
a c tio n  o f such a system is  l i k e ly  to  be h igh  and the com plexity  o f 
the s o lu t io n  increased s t i l l  fu r th e r  by the known d i f f i c u l t i e s  t 
associa ted w ith  p o in t loads. To reduce a n a ly t ic a l com plexity  and 
com putationa l e f f o r t  (and in  the process produce a more re a d ily  
understood technique) a t te n t io n  is  f i r s t  given to  lower order 
s o lu tio n s .
There is  much to  be gained by combining a number o f simple 
s o lu tio n s  in to  a more complex one and so the in v e s tig a t io n  commences 
by cons ide ring  an e la s t ic  p la te  s t r ip  o f in f i n i t e  leng th  s im ply 
supported along two p a r a l le l  edges. Amongst the s im p lif ic a t io n s  from 
the re a l p h y s ic a l s tru c tu re  invo lved  here are s-
(a) the re a l p la te  has f i n i t e  le n g th ;
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(b) the re a l supports w i l l  d e f le c t  e la s t ic a l ly ;
(c) the p la te  s t r ip  is  is o la te d ,  whereas in  a re a l s tru c tu re  
i t  w i l l  be jo in e d  along one or both  edges to  o the r p la te  
s t r ip s ;
(d) in  the re a l composite system there  is  in te rc o n n e c tio n  
between p la te  and support.
S o lu tio ns  fo r  p la te  s t r ip s  o f th is  k in d  e x is t  in  closed form .
W hile th e ir  a n a ly t ic a l com p le x itie s  are no t g rea t t h e ir  use w ith  
p o in t o r patch loads leads to  c e r ta in  com putational problems. Aids 
to  c a lc u la t io n  in c lu d e  ta b u la te d  or g ra p h ica l c o e f f ic ie n ts  o f which 
perhaps the most w id e ly  used are in flu e n c e  surfaces. F u l l  co n s id e ra tio n  
o f the th e o re t ic a l bas is  is  g iven in  Chapter 1 .
To improve the v e r is im il i tu d e  o f the model p la te s  continuous over 
l in e  supports are- considered; th a t is  r e s t r ic t io n  (c) is  removed. The 
o rder o f com plexity  o f the problem is  c le a r ly  increased and c losed- 
form  s o lu tio n s  correspond ing ly  more d i f f i c u l t  to  fo rm u la te . Among 
the more a t t r a c t iv e  s o lu t io n  methods is  a type o f moment d is t r ib u t io n ;  
a n u m e r ic a l technique in  which the p la te  s t r ip  ju n c tio n s  are clamped
t
and ou t-o f-b a la n ce  e ffe c ts  d is tr ib u te d .  A d e s c r ip tio n  o f the method 
is  g iven in  se c tio n  2 .4 . In flu e n c e  surfaces fo r  continuous p la te s  
are a lso  a v a il able.
Removal o f r e s t r ic t io n  ( b ) , the in tro d u c tio n  o f e la s t ic  ins tead  
o f r ig id  supports , can be made in  stages -  f i r s t  to  a s in g le  p la te  
s t r ip  and then by extens ion  to  a continuous p la te . The assumption^) 
u s u a lly  made here „ r  _ th a t the re  is  no sepa ra tion  between s lab and
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beam so th a t e q u a lity  o f d e f le c t io n  a t the beam-slab ju n c t io n  may be 
assumed. The d is t r ib u t io n  techn ique , mentioned above w i l l  cope w ith  
e la s t ic  supports , as w i l l  a co m p u ta tion a lly  more complex method fo r  
which a computer is  d e s ira b le .
F in a l ly  i f  the beams are considered as e la s t ic  composite supports 
a l l  the i n i t i a l  r e s t r ic t io n s  have been removed and the model becomes 
e s s e n t ia lly  a p la te  to  which is  a ttached , on one s id e , e c c e n tr ic  r ib s .
The o rde r o f an "e x a c t"  s o lu t io n  to  th is  model leads to  the 
complex m athem atical trea tm en t discussed in  s e c tio n  4.6» 
S im p lif ic a t io n s  which have found to  be u s e fu l in c lud e  the  o r th o tro p ic  
p la te  method and the harmonic an a lys is  method, bo th  o f which may be 
used to  p re d ic t  s tresses a t some d is tan ce  from  a concentra ted load .
For lo c a l e f fe c ts  they may be combined w ith  the s o lu t io n  fo r  a p la te  
on f ix e d  supports.
The a t t r a c t io n  o f computer based s im u la tio n s  o f  the re a l p h y s ic a l 
model has become g re a te r in  recen t years as the f l e x i b i l i t y  o f 
computers and th e i r  storage capa c ity  has increased. Some a t te n t io n  
is  th e re fo re  g iven to  r ib b e d -p la te  s o lu tio n s  by e q u iva le n t g r i l la g e  
and f i n i t e  element techniques in  s e c tio n  4 .5 .
F in a l ly  i t  is  im po rtan t to  compare a n a ly t ic a l s o lu tio n s  w ith  
experim enta l r e s u lts < Chapter 5 con ta ins 
experiments onamodel b r id g e  d e c l^ ^
j d iscuss ion  o f
Or
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1Transverse ly  Loaded P la tes
1 . 1 In  th is  chapter co n s id e ra tio n  is  g iven to  the c la s s ic a l
problem  o f th in  e la s t ic  p la te s  c a rry in g  concentrated transverse  loads. 
Exact s o lu tio n s  e x is t  fo r  some cases b u t i t  is  shown th a t .s e r ie s  
s o lu tio n s  are o f g re a te r u t i l i t y .  The s in g u la r i ty  encountered a t 
the p o in t o f a p p lic a tio n  o f a concentrated load is  discussed 
to ge the r w ith  the more p r a c t ic a l problem o f the s tresses d i r e c t ly  
under a patch load covering  a sm all re c ta n g u la r o r c ir c u la r  area.
The d e te rm ina tio n  o f the  s tre ss  d is t r ib u t io n  in  a la te r a l ly  
loaded e la s t ic  is o t r o p ic  t h in  p la te  is  a problem in  the theory  o f 
e la s t ic i t y  which can be sa id  to  have had i t s  beginn ings in  work by 
E u le r and Jacques B e rn o u lli on the v ib ra t io n  o f e la s t ic  su rfaces.
In  1811 the French Academy o f Science o ffe re d  a p r iz e  fo r  the 
d e r iv a t io n  o f a m athem atical theo ry  o f  p la te  v ib ra t io n .  The s o lu t io n  
o ffe re d  by Sophie Germain was in c o rre c t bu t Lagrange, one o f  the 
judges, n o t ic in g  the e r ro r  and c o rre c tin g  i t  derived the equation
0
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The f i r s t  s a t is fa c to ry  theo ry  o f p la te  bending, g iven by N avier 
in  1820, contained the fundamental equation
_  + 2 — + ! ! )  
3 k1* 3x2 3y  ^ By11
q
However, the theory was based on a hypothesis about m a te r ia l 
behaviour which was n o t tenab le , a lthough i t  d id  lead to  the c o rre c t 
equa tion . (Timoshenko
m iddle plane o f the p la te  remains s t ra ig h t  du rin g  bending 
and normal to  the m iddle surface  o f the p la te .
(b) th a t elements o f the m iddle p lane o f the p la te  do no t 
undergo s tre tc h in g  du rin g  sm a ll d e f le c tio n s  o f the 
p la te  under la te r a l  load. K irc h o f f  (1850)
The problem o f a concentrated fo rce  a c tin g  on a p la te ,  lead ing  
to  de te rm ina tio n  o f lo c a l s tresses under the fo rc e , was f i r s t  
solved by Nadai (1925).
Im portan t c o n tr ib u tio n s  d ire c te d  s p e c i f ic a l ly  a t the a c tio n  
under a wheel load o f s lab b ridg e  decks supported by f le x ib le  beams 
were made by Westergaard (1930), Jensen (1938), Newmark (1938) and 
o th e rs .
The two hypotheses now g e n e ra lly  accepted are
(a) th a t each l in e  which is  i n i t i a l l y  pe rpe nd icu la r to  the
1 6
1 .2 P l a t e  e q u a t i o n
Adopting K ir c h o f f ’ s c r i t e r ia  and w r i t in g  equations o f e q u ilib r iu m  
and c o m p a t ib il i ty  fo r  a sm a ll element ( f ig u re  1.1) leads to  the 
fo llo w in g  equation
i i "  + 2 + i ±  = ' I  ? 1 . 1
3X1* 3x23y2 Sy4
The n o ta t io n  re la te s  to  a p la te  in  which 
the surface l ie s  in  the x ,y ,  p lane 
the d e f le c t io n  w is  pe rpe nd icu la r to  the x ,y ,  p lane 
the  e x te rn a l transve rse  load is  p
the p la te  th ickness  is  t ,  Young’ s modulus E and Poisson’ s 
r a t io  V
 Etthe  p la te  s t i f fn e s s  D = —------ —
1 2 ( l- v 2)
The re le v a n t boundary c o n d itio n s  ( r e s t r ic t in g  co n s id e ra tio n  to  
re c ta n g u la r p la te s  w ith  s t ra ig h t  l in e  boundaries) are :~
(a) a t a s im ply supported edge zero bending moment and 
d e f le c t io n
(b) a t a f ix e d  edge zero d e f le c t io n  and ro ta t io n
(c) a t a fre e  edge zero v e r t ic a l  shear, bending moment 
and tw is t in g  moment
17
F ig u r e  1 .1  D e f i n i t i o n  o f  f o r c e s  and s t r e s s e s  
on p l a t e  e le m e n t .
1 8
C onsidering , fo r  example, an edge ly in g  along y = b these 
c o n d itio n s  may be represented by
(a) w = 0
(b) w = 0
3w -  0
• ay
<<=> L *  + (2 -v ) — 3-V . = 0
3y3 S x ^ y 2
32w +  ^ 32w _
3y2 3x2
The s tress  re s u lta n ts  on an element ( f ig u re  1.1) are
m -  t\ / :92w :32w )
Mx " D I —  + v — r  /  1.2
V,3x2 3y2 J
M  -  n  . ' : 3 2 w  ^M -  -D / —  + v —  ) 1.3
y L 3y jv-  /x
M -  / J  ( l - v )  ■ r i r i  1 !  4xy 1/  v '  3x3y
r* -  t»  ^ / . 3 2w ’ 32w\ 3
^  = " 3x ( j J  + afo) = "D ^  &W 1,5
n -  -n /  32w 32w^ _ 3
y “  m ) ~ ~  ^
1 9
From these s tre ss  re s u lta n ts  the bending and shear s tresses may 
be found.
W hile the d e r iv a t io n  o f the govern ing equation  is  no t unduly 
com plicated the s o lu t io n  to  i t ,  re la te d  to  a g iven lo ad ing  system and 
boundary c o n d it io n s , may p resen t '  ■ d i f f i c u l t y .  Again
d i f f i c u l t i e s  are bound to  a r is e  where co n s id e ra tio n  is  g iven to  the 
lo c a l e f fe c t  o f  concentra ted loads. Exact s o lu tio n s  are a v a ila b le  
on ly  in  a l im ite d  number o f cases.
1.3 S o lu tio n  techniques
Before examining the s p e c if ic  problem  o f concentrated loads on 
p la te s  i t  w i l l  be u s e fu l to  d iscuss two techniques which have proved 
va luab le  in  f in d in g  s o lu tio n s  to  the p la te  equation .
1 .3 .1  Series re p re s e n ta tio n  A m athem atical techn ique, under the 
genera l t i t l e  o f F o u rie r a n a ly s is , enables an in tra c ta b le  fu n c t io n , f o r  
which d i f f e r e n t ia t io n  may p resen t d i f f i c u l t i e s ,  to  be rep laced by the 
sum o f a s u ita b le  i n f i n i t e  s e r ie s . The technique is  w id e ly  used in  
many a p p lic a tio n s  o f num erica l a n a ly s is .
As an i l lu s t r a t i o n  consider a re c ta n g u la r s im p ly  supported p la te  
o f sides a and b c a rry in g  an a r b it r a ry  load p = p ( x , y ) . The s o lu t io n  
to  the govern ing equation  must s a t is fy  the fo llo w in g  boundary c o n d itio n s  :
20
X  *= O x  w  =  o
) 32w
23x
y =  o x  w  =  o
)v -  u  J 32wy  -  b  A     =  o
3y2
A d e f le c t io n  w = . m7rx . nTrv
L s m  - — * s in  - ~ -mn a b
s a t is f ie s  the boundary c o n d it io n s . S u b s titu t io n  o f the re le v a n t 
d e r iv a tiv e s  o f w in to  the govern ing equation shows th a t the load ing  
to  produce such a d e f le c t io n  is
p= D o  f ”L±L + 2 + , ± ± . 1  s iI J  J J  J  J
s m  m rrx s i n  n iT y
a b ifc
F o u rie r ana lys is  enables the load p to  be analysed in to  the sum 
o f a se rie s  o f terms o f the form
mitx . ttitys in  ——  sm  --t~«
a  b
and so the s o lu t io n  may be found as fo llo w s
( i )  analyse the lo ad ing  as
z  z
m = 1 n = 1
m u x  . n ir y  p sm  — - s in  - fa -  mn a b
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( i i )  o b t a i n
TT _ V  1 „  . mux . niry
w  - \  \  c s m ---------  s m  —r~*. /  i /  ■ ran a b
m = 1 n = 1
where
C
prmn
^  d f “U ll + 2 m2n27rtf + 2LjL1 ]
L afi a2b2 b1* -*
  Pmn
Djr4 [ s i  + s i l 2
* a2 b2 J
There are in  fa c t  c e r ta in  m athem atical l im ita t io n s  on the use 
o f the s e r ie s , in  th a t convergency is  n o t always assured, b u t in  
p ra c t ic e  th is  - re s tr ic t io n  is  n o t im p o rta n t.
C o e ff ic ie n ts  fo r  use w ith  va rious  load ing  co n d itio n s  are g iven 
in  Table 1 .1 .
1*3.2 D iv is io n  o f s o lu t io n  The s o lu t io n  fo r  w may be obta ined 
by combining complementary fu n c t io n  and p a r t ic u la r  s o lu tio n s  in  the form
w = w^ + w2
where w^ represents a p a r t ic u la r  s o lu t io n  which s a t is f ie s  the 
govern ing equation  bu t n o t n e c e s s a r ily  the boundary co n d itio n s  and 
w2 a complementary fu n c t io n  s a t is fy in g  the homogeneous equation
2A w = 0 , which w ith  w^ g ives the  f u l l  s o lu t io n .
22

§ b
t= I cd q I
.aCO
£= j cd ti|
q•rlCO
r-t I q
W
LU'I
Si
.5CO
KIt= I tiq J
q•HCO
t-<| q
W
§ h
q•Hco
uji
a r
.sCO
w
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1.4 I n f i n i t e  p l a t e  s t r i p
The s o lu tio n  to  problems in  which a p la te  has f i n i t e  dimensions 
may o fte n  conve n ie n tly  be found by app ly ing  a c o rre c tio n  to  the 
s o lu t iq n  fo r  an in f ix y te ly  long p la te .  Indeed, the in f in ite  p la te  
s o lu t io n  may n o t be in  need o f c o rre c tio n  fo r  the in v e s t ig a t io n  o f 
b ridg e  deck s tresses as the aspect r a t io  o f the slabs is  o fte n  la rg e .
The method o f  s o lu t io n  adopted makes use o f the two techniques 
mentioned above -  se rie s  re p re s e n ta tio n  o f the load and d iv is io n  o f 
s o lu t io n  in to  p a r t ic u la r  in te g ra l and complementary fu n c t io n . 
Considering the p la te  o f f ig u re  1.2 which is  loaded along the x  ax is  
(th e  load can be a l in e  o r p o in t  lo a d ) , a t p o in ts  no t on the x a x is , 
because the re  is  no app lied  lo ad , the d e f le c t io n  w must s a t is fy  
the homogeneous equation
A^ w = 0 .
• Taking the s o lu t io n  to  th is  equation  in  the form  
00
w = V  Ym s in  ‘2 2  ' i . 7
m -  1
i t  w i l l  be found th a t i t  s a t is f ie s  the  boundary co n d itio n s  along the 
sim ple supported edges x=0, x=a. S u b s titu t in g  in to  the homogeneous 
equation gives the c o n d it io n  th a t
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F ig u r e  1 .2  I n f i n i t e  p l a t e  s t r i p
2 6
W r i t i n g  t h e  s o l u t i o n  o f  t h i s  e q u a t i o n  i n  t h e  f o r m
imry muy - miry -miry
a mrry a a mry a
Y =* A e + B-4 a e + C e  D am m  m m m
the constants A B C  and D may be found from  the fo llo w in g  m m m m
cons ide ra tions
( i )  the d e fle c tio n s  w and t h e ir  d e r iv a tiv e s  approach zero
fo r  la rg e  values o f y .
For th is  to  be tru e  A = B = 0m m
( i i )  w r i t in g  the s o lu t io n  o f equation 1.7 as
- mry 
a
w = y {C + D mnyj e s in  imrx
a a
/ ( i r )/ j  m m • 1
m " 1
> 3wsand ta k in g  account o f the fa c t  th a t by symmetry (•■^•)^_o = 0
and th a t th is  c o n d it io n  is  s a t is f ie d  by C *  D the f in a l  s o lu tio nm m
becomes
X  cm <1 +h s>
-imry
a
The constants C may be found fo r  any p a r t ic u la r  lo ad ing  case, 
i . e .  a p a r t ic u la r  in te g ra l s o lu tio n  in  which the load ing  term  in  the 
govern ing equation is  o f the form
00
V  *p « > a s in ------Z i  n a
Tn = 1
2 7
F o u rie r ana lys is  g ive s , fo r  a p o in t load P ly in g  on the x  axis 
a t a d is tance  E from  the o r ig in
2P . mirE . mux
p  =s —  s m  — — s m -----------m a a a
or
£
m = 1
2P . nnr£ . nnrx—  s m  — — s m ------a a a
may be found by cons ide rin g  the shear a t y = .0, x  = E* This 
is ,  by symmetry P /2 .
Q = -D ~  Aw = S ^  -y 9y .Zff a
m  as 1
S u b s titu t in g  the values o f 8 and Aw in to  th is  equation i t  w i l l  be
8y
found th a t
mirE • mtrrxs m  -—-  s m ------a a
Pa2C = L L -  
m « q2TTd \ - s
.  rnnE 1 s m  — -  I
»- m3 a *
The complete s o lu t io n  fo r  the p o in t load case then becomes
2 8
w = 12L  V  i -  s i n H l i  ( n H ) e .  3 s in  2 E
2tt3D —1 m3 a a a
m = 1
~ m7ry
I t s  compliance w ith  the  boundary co n d itio n s  may be checked :■ 
(a) by in s p e c tio n  w=0 fo r  x=0, x=a, y=°°
<b> 00 -nflTy
Tw __ P \  7 T a . imr  ^ . nurx
3y ”  2ttD /__j m y s in  a S in ~7T
m = 1
which becomes zero fo r  y=0
(c) -mrry
—  » —  V  A  ( 1~H Z  1 „ a »™5 . mirx , .§y2 2*D 2 _ i m (1" F - ) e  s m —  s m —  1.8
m = 1
"H I
£w _ P \  1 1 irarv. a
3X2 2,rD
V  I  (1 + 2 H ) e Sm  H i  s in  H *  i . 9
Z i m a a a
m = 1
-mfry
aw = —  + i Z  = -  J L  V  A  e a s in  H i  s in  —  1 10
3x2 3y2 "D Z  *  Sln a S ln —  l a 0
m = 1
which become zero a t .x=0, x^a , y=°°
2 9
_ _ _ 3 A P \  1 a . hittE . nrrrxQ = -  D *r— Aw   > e s i n ------  s m  -----y 9y a Z -j a a
m = 1
(d) °° -imry
which assumes the requ ire d  form  a t y=0.
I t  is  expedient now to  in tro d u ce  a fu n c t io n  M which leads to  re s u lts  
in  a form  more s u ite d  to  p ra c t ic a l use.
H = D Aw -  D < ^  + .211 ) =
3x2 3y2 1 + V
From equation  1.10
mfTy
a
p V 1 i“  rr > — e s m
* Z - j m
M _ - x . mTrg . mirxM = - — >  s ------  s m -----a a
m = 1
Using the fu n c t io n  M equations 1 .8  and 1.9 may be re w r it te n
9 n 9 w M 9M2 D   =  -  y w—k 2 3ycjy J
= M + y |S  
3x2 3y
and equations 1 .2 , 1.3 and 1.4 become
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My M H. (1-v) y |M] la2
Mx  =  - 1  [  ( 1 * 0  M -  ( 1 - v )  y  | M ]  i . n
Mxy = - I  (1_v> y f f  1.13
Summing the se rie s  fo r  M we o b ta in
io® !
where
■d , iry tt(x + 5)B = cosh -J - -  cos — ---------- —a a
A = cosh ~  -  cos — x- -——a a
Using equations 1 .11 , 1.12 and 1 .13 , we are now ab le  to  rep resen t 
the bending moments in  an i n f i n i t e l y  long p la te  in  a closed form .
I t  can re a d ily  be seen th a t the fu n c t io n  M s a t is f ie s  the boundary 
c o n d it io n s , a t le a s t a t p o in ts  away from  the p o in t o f a p p lic a tio n  o f 
the load.
For p o in ts  c lose to  the p o in t o f a p p lic a tio n  o f the lo a d , bu t 
no t n e c e s s a rily  on the x  a x is ,  the q u a n tit ie s  (x -£ ) and y  are sm all 
so th a t
IF (X~g) y  i  _ TT2 (x -g )2cos £ x
2 a 2
3 1
cosh a  fc i  + r h d
a 2 a2
l e a d i n g  t o
P
n 2irE1 -  cos ■— -  a
^ ' 4 tt 1 + TT2 y 2 -  1 + .TT2 ( x ~ E ) 2
2a2 2 a2
n  o • IT? 2P - r 2a s m =- i *
4tt log
[ z m .—-
— 1
2ir
in  which
P „ 2a s in  ~  - .l° g  a 1.14
n r
. = / { ( x  -  E)2 + y 2 >
represen ts  the d is tan ce  o f  the  p o in t under co n s id e ra tio n  from  the 
p o in t o f a p p lic a t io n  o f the load P.
S u b s titu t in g  equation  1.14 in  equations 1 .11, 1 .12 , 1.13 gives 
m i f , i  . P i 2a s in  —  , (1 -v ) Py2 | 1 1Cx * | ( i+ v ) 2¥ io g  — — —— * —z —r \
„  | i  2 a . s in —  (1 -v ) Py2 )
V -  I - — a  — — J 1.16
M = { (1 -v ) Py2 1.17xy —■-—
2 tttz
3 2
1 . 5 M e t h o d  o f  i m a g e s
The equations fo r  i n f i n i t e l y  long p la te  s t r ip s  can be co rrec ted
fo r  p la te s  o f f i n i t e  le n g th  by the method o f images. A p la te  o f
sides a and b is  loaded by a fo rc e  P on the ax is  o f symmetry ( f ig u re  1 .3 ) .
I f  the  p la te  is  sym m etrica lly  pro longed in  bo th  p o s it iv e  and negative
d ire c t io n s  and loaded by a sym m etrical d is p o s it io n  o f a lte rn a te ly
p o s it iv e  and nega tive  p a irs  o f  fo rce s  P i t s  d e fle c te d  shape w i l l  be
as shown in  f ig u re  1 .3 , hav ing  zero d e fle x io n  and th e re fo re  bending
moment a long lin e s  AB, CD, A,B, C,D, e tc . W r it in g  the  d e fle x io n s
produced a t p o in t  0 by the re le v a n t fo rces  as w . w w e tc . we have
1- 2 3
00
imrx
a
m -  1
oo
m
sm a
m = 1
00
s in  ^-2- (l+4a )e a m
m
s m mtrxa
m = 1
where a . m
imrb
2a
T h e .to ta l d e f le c t io n  a t 0
w = w + w  + w + 
1 2  3
3 3
F ig u re  1 .3  Method o f  im ages
3 4
B y  t h e  s u b s t i t u t i o n s
tanh a = 1 = l-2 e  “ 2am +2e
m 1+e 2°m
4e 2a®
2
cosh2am (eCtm+e am) (1+e 20tm)
= 4e “ 2am ( l- 2 e  “ 2am + S e " ^  + 4e “ 6am + ..........)
Q-9^%
P „2 v 1  Cl nwrx
w =  --------  y  (tanh  am -  — ------- ) 1 V  7 a ' a
2ir3D —1 cosh2otm m3
m = 1
1.6 Loads o f f i n i t e  area
The equations fo r  concentra ted loads are o f in te re s t  where 
in v e s t ig a t io n  o f s tre ss  re s u lta n ts  are being made fo r  p o in ts  ly in g  
away from  the p o in t o f a p p lic a t io n  o f the load. But d i f f i c u l t i e s  
a r is e  a t p o in ts  d i r e c t ly  beneath a concentrated load.
In  p ra c t ic e  the load a pp lied  to  a b ridge  deck a rise s  from  a 
wheel o f f i n i t e  con tac t area (o fte n  assumed to  be c ir c u la r  o r  
re c ta n g u la r) .  U se fu l re s u lts  fo r  th is  case may be obta ined by ex tens ion  
o f s o lu tio n s  fo r  c ir c u la r  p la te s .
3 5
Consider f i r s t  a s im ply supported c ir c u la r  p la te  o f rad ius  an 
c a rry \a  p o in t load P a t i t s  cen tre  ( f ig u re  1 .4 ) . The ra d ia l and 
ta n g e n tia l bending moments and Mt  a t a p o in t r ,  may be shown to  be
Mr  = (1 + V ) lo g f0
' P
M. =  7 - -t  4tt £ (l+v)log 9^ + 1 - vj
or in  c a rte s ia n  coord ina tes s
Mx = Mr  cos2ot + Mt  sin2(X s ( 1+v) lo S + ( l~ v )  '2 -  1.18
My = Mr sin 2 a + cos2a = (l+v)log ~  1.19
r2
Comparing equations 1.15 and 1.18, they w i l l  co inc ide  i f  the rad ius  
o f the  c ir c u la r  p la te  is  taken as
2a . tt?a = —  s in  — -o tt a
i . e .  the moments M are equal. In  th is  case the moment M fo r  the x  y
long re c ta n g u la r p la te  is  th a t fo r  the c ir c u la r  p la te  minus the 
constan t q u a n tity  (1 -  v) P /4tt . The analogous c ir c u la r  p la te  has a 
rad ius  (2a/7r) s in  ( ir^ /a ) to g e th e r w ith  a superimposed sim ple bending
_ -  l ( l - u )  P
y "  4ir
3 6
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The va lue o f th is  analogy is  th a t we may assume th a t  i t  can be 
a pp lied  to  a load covering  a f i n i t e  area, say a sm all c i r c le  o f 
rad ius  c. C on fin ing  a t te n t io n  to  the cen tre  o f  the c ir c u la r  p la te  
the  bending moment under the  load is
M = -Jr [ (1+v) lo £ M  + l ]  1 .2 0
(n e g le c tin g  terms in  c2 as being sm all)
A pp ly ing  the analogy the moments a t the centre  o f the  loaded 
c ir c u la r  area o f the long re c ta n g u la r  p la te  as
2a simrg
= j /T  (1+v) lo s "Tc"* + 4M -  x I 4tt
2a sinirE
My ‘ \ k  <!*> W '-H r H -
S im ila r  reason ing app lied  to  a long re c ta n g u la r p la te  w ith  a 
re c ta n g u la r loaded area ( f ig u re  1 .5) g ives
• ■ p
M = -f-x 8ir [ 4a sin  — ^ £ 2 log —— a + 3 -  0J (1+V) + (1-H|0 ( l-v ) l
P  r  r  4 a  sin  "1
= 8? I I 2 l0 s — + 3 ~ 0 ] a +v )~ a + ^ )(i-v )J
My
where
d = /u* + v2
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yF ig u re  1 .5  R ecta n g u la r  p la t e  w ith  r e c ta n g u la r  lo a d ed  
a rea
3 9
. X f ft
and 0  and a r e  f u n c t io n s  o f  t h e  r a t i o v /  . For a sq u a r e  lo a d e d  a r e a
u
( V/ u = 1) 0  = 1 .5 7 1 ,  ip = 0 . 0 .  C om paring th e  e q u a t io n s  f o r  a sq u a r e
and a c i r c u l a r  lo a d e d  a r e a  i t  w i l l  b e  s e e n  t h a t  t h e  b e n d in g  moments 
a t  th e  c e n t r e  o f  t h e  lo a d e d  a r e a s  w i l l  b e  e q u a l i f
u = v  = 1 .7 6  c .
T h ese  r e s u l t s  may b e  a d j u s t e d  b y  t h e  m ethod  o f  im a g e s  f o r  p l a t e s  
o f  f i n i t e  l e n g t h .
W here t h e  lo a d e d  a r e a  i s  s m a l l  b u t  s t i l l  f i n i t e  th e  a b o v e  
e q u a t io n s  g i v e  b e n d in g  m om ents t e n d in g  t o  i n f i n i t y .  In  s t r e s s  t e r m s ,  
t o o ,  t h e  e le m e n ta r y  p l a t e  b e n d in g  th e o r y  d o e s  n o t  a c c o r d  w i t h  t h e  
p h y s i c a l  a c t i o n  o f  t h e  p l a t e  m a t e r i a l .
T h is  b ecom es a p p a r e n t  when o n e  e x a m in e s  th e  s h e a r in g  s t r e s s  on  
th e  p e r im e t e r  o f  a lo a d  P u n ifo r m ly  d i s t r i b u t e d  o v e r  a  c i r c l e  o f  
s m a l l  r a d iu s  c .  The e le m e n ta r y  th e o r y  d i s r e g a r d s  t h i s  s h e a r in g  
s t r e s s  b u t  i n  f a c t  i t  i n c r e a s e s  t o  an i n f i n i t e  v a lu e  a s  c  t e n d s  t o  
z e r o  a s  d o e s  t h e  n o rm a l s t r e s s  P /ir c 2 , th ou gh  t h i s  t o o  i s  n e g l e c t e d  
i n  t h e  e le m e n ta r y  t h e o r y .
R e f e r r in g  t o  f i g u r e  1 .6  t h e  c o m p r e s s iv e  s t r e s s  a t  t h e  c e n t r e  A 
o f  t h e  u p p er  f a c e  o f  t h e  p l a t e  i s  g iv e n  b y  th e  a p p r o x im a te  fo r m u la
V "  V = - V  i  p r 1 - (1+H
( n o t e  t h a t  a  h a s  a . n e g a t i v e  v a lu e )
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F i g u r e  1 . 6  L o c a l  s t r e s s  u n d e r  l o a d
4 1
i n  w h ic h  g_^  i s  th e  s t r e s s  com puted  b y  t h e  e le m e n ta r y  th e o r y  and a  
i s  a  f a c t o r  w h ic h  d ep en d s on t h e  r a t i o  2 c /h  a s  show n i n  T a b le  1 . 2 .  
The maximum t e n s i l e  s t r e s s  o c c u r s  a t  B; f o r  v e r y  s m a l l  v a lu e s  o f  c  
th e  s t r e s s  i s  g iv e n  a p p r o x im a te ly  b y  %
Pa . = —  
max h2 J(1 + v ) ( 0 .4 8 5  lo g  + 0 .5 2 )  + 0 .4 8  j
i n  Xtfhich aQ i s  th e  o u t e r  r a d iu s  o f  t h e  p l a t e .
C om parison  o f  t h i s  r e s u l t  w i t h  t h e  s t r e s s  g iv e n  u s i n g  e q u a t io n  
1 .2 0  w i l l  show  t h a t  w h ere  c  i s  s m a l l  i n  r e l a t i o n  t o  t h e  s l a b  
t h i c k n e s s ,  th e  s t r e s s  g iv e n  b y  e q u a t io n  1 .2 0  c a n .b e  c o r r e c t e d  by  
a ssu m in g  a  lo a d e d  a r e a  o f  r a d iu s  c^ = \ | l . 6 c 2 +h2)  -  0 .6 7 5 h
( c  < 1 .7 2 4 h ) .  W here c  > 1 .7 2 4 h  t h e r e  i s  no n e c e s s i t y . t o  c o r r e c t  
e q u a t io n  1 .2 0 .  (  T im oshenko (1 9 5 9 ))
1 .7  B en d in g  m om ents a t  o n e  p o in t  c a u se d  b y  a  lo a d  a t  a n o th e r
The e f f e c t  o f  a  m u l t i - w h e e le d  v e h i c l e  a t  any p o s i t i o n  on a  
b r id g e  w i l l  b e  t o  p ro d u c e  s t r e s s  r e s u l t a n t s  w h ic h  h a v e  p e a k  v a lu e s  
d i r e c t l y  u n d er  e a c h  w h e e l .
C o n s id e r in g  any p a r t i c u l a r  p o in t  u n d er  a  w h e e l ,  t h e  s t r e s s  
r e s u l t a n t  a t  th e  p o in t  may b e  fo u n d  b y  summing t h e  c o n t r ib u t io n s  fro m  
a l l  o t h e r  w h e e ls  a s  i f  t h e y  w e r e  c o n c e n t r a t e d  lo a d s  and a d d in g  t o  t h a t  
sum t h e  l o c a l  e f f e c t  o f  t h e  w h e e l  (o n  i t s  f i n i t e  c o n t a c t  a r e a )  
d i r e c t l y  o v e r  th e  p o i n t .
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2 c /h 0 .1 0 .2 5 0 .5 0 0 .7 5 1 .0 0 1 .5 0 2 .0 0 2 .5 0
a 0 .0 1 0 6 0 .0 4 6 6 0 .1 2 3 4 0 .2 0 0 0 .2 6 3 0 .3 4 8 0 .3 8 6 0 .3 9 8
T a b le  1 .2  V a lu e  o f  g  i n  e q u a t io n
We c o n s id e r  t h e  c a s e  o f  a  lo a d  a t  £ , 0  and i t s  e f f e c t  a t  a p o in t  
x ,  y ,  on an i n f i n i t e  p l a t e  s t r i p .
I n  term s o f  th e  f u n c t io n  M
/
M x
M
y
' = - | [ ( 1 + V )  M -  (X -v )  y  | | 1
= ~2 [(1+V ) M + (X -v )  y  |M  j
Mx y  -  - 5  (X -v ) y  f
w h ere
B = c o s h  2 2  -  c o s  i l K L P
a a
A = . c o s h  22. -  c o s
W r it in g
If -  s in h  H -  (X /B  -  X/A)
g i v e s
] = - h k -  p 1os I 1  - ^ i r - r y  sinh t -  i - 2x
M
y
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^  s i n  tt (x~E ) s i n  it (x+E) *n
^  P y [ - ^ ~  + — T - ^ - J
= - s i -  Py I a  + a |  1 .2 2
The c a s e  o f  a  lo a d  a t  x ,  y  and i t s  e f f e c t  a t p o i n t  E* 0  can  
b e  t r e a t e d  b y  a s im p le  s u b s t i t u t i o n  o f  c o o r d in a t e s  i n  e q u a t io n s  1 .2 1  
and 1 .2 2 .
We f i n d  ( d e n o t in g  t h i s  s e c o n d  c a s e  b y  a  p r im e 1 )  t h a t
i _  1 -v  r  s i nM' = ■—  Py  
x y  8 a  J
M? . MX X
M’ • 5= M
y y
M* * Mx y x y
tt( x - E ) tt( x - E )  s m  - — —a tm* a
A B 
(.15 and c o n v e r t in g  to
[
 .  ll > « . .  u  l  o II I  A  <3 /  wsxn re— rere. sxu "i
Mx
M
y
]
- 0 .1 0 5 3 6  P l o g i0  |  + 0 .1 0 6 2 5  ^  s in h  ( |  -  I )
M
" " I .  o . i « 2 5 a r . k * - !+ i  *
s j * l ~ —  -M
1 .8  D e s ig n  fo r m u la e  f o r  s la b  m om ents
F or  d e s ig n  p u r p o s e s  t h e  f o r e g o in g  e q u a t io n s  a r e  cum bersom e. 
H ow ever, s o l u t i o n s  in  t a b u la r  and g r a p h ic a l  form  a r e  a v a i l a b l e ,  n o t a b ly
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in Westergaard. (1930)
The c o n t r ib u t io n  w h ich  W e s te rg aa rd  made to  th e  l i t e r a t u r e  o f  
b r id g e  deck a n a ly s is  is  o f  p r im a ry  im p o rta n c e . I n  th e  E n g lis h  
language he appears  to  have been th e  f i r s t  to  adap t th e  r e le v a n t  
p a r ts  o f  th e  p la t e  a n a ly s is  to  d e a l d i r e c t l y  w ith  th e  p ro b lem  o f  
m u lt i-w h e e le d  v e h ic le s  on b r id g e  decks and h is  r e s u l t s  have been  
w id e ly  used by p r a c t is in g  e n g in e e rs . A d d i t io n a l ly  he was th e  f i r s t  
to  draw  a t t e n t io n  to  th e  most im p o rta n t  concept o f  th e  in f lu e n c e  
s u r fa c e .
U s ing  th e  e q u a tio n s  o f  th e  p re c e d in g  s e c t io n  he produced  r e s u l t s  
f o r  v e h ic le s  w ith  fo u r  w h e e ls , each h a v in g  a f i n i t e  c o n ta c t  a r e a ,  
fro m  w h ich  th e  maximum b e n d in g  moment in  th e  s la b  can be c a lc u la te d .  
These r e s u l t s  w ere  e x ten d ed  fro m  s im p ly  su p p o rted  p la t e  s t r ip s  to  
p la t e  s t r ip s  w ith  f ix e d  ed g es , to  p la t e  p a n e ls  co n tin u o u s  o v e r  
in te r m e d ia te  beams and to  c a n t i le v e r e d  p la t e  s t r i p s .  The u t i l i t y  
o f  th e s e  r e s u l t s  is  s e l f - e v id e n t .
As an i l l u s t r a t i o n  o f th e  fo rm  o f  s o lu t io n  c o n s id e r  a  s im p ly  
s u p p o rted  i n f i n i t e  p la t e  s t r i p  o f  w id th  a and th ic k n e s s  h c a r r y in g  a 
lo a d  P on a c i r c u l a r  a re a  o f  ra d iu s  c , th e  lo a d  b e in g  a p p lie d  a t  th e  
c e n tre  o f  th e  p la t e .  Then th e  b en d in g  moments under th e  lo a d , Mqx  
and M . a re  g iv e n  by
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M -  f
OX 4TT
Jd+v,) log l a  + i]
M = f ( 1 +v) lo g  — + l|-  L p L  p = M -  ( 1 -v )  ~oy 4ir [ i  c J 4ir ox 4tt
S u b stitu tin g  = \Z (1 .6 'c 2 +h2) -  0.675h
and v = 0 ! 5
Mqx = 0.21072 P [ lo g 1 0  £  -  lo g 1 0  -  1) -  0 .675 ]
M = M -  0.0676 P oy ox
When the s tr ip  edges are f u l ly  f ix e d , the r e su lt in g  bending
moments M’ and M* are g iven  by ox oy ■ J
M* = M -  0.0699 P ox ox
M'oy = Moy " ° * 0 3 8 6 3  p = Mox -  0 .1063  P
Jensen (1938) extended th is  work to  deal w ith the case o f s lab s
which extend over n o n -d e flec tin g  supports. The r e s u lt in g  bending
moments M’ ’ and M* 1 are g iven  by ox oy • J
M' 1 = M -  0 .0293 Pox ox
M’ ' = M -  0.01905 P = M -  0.0867 Poy oy ox
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Jensen (1 9 3 8 ) observes t h a t  th e  con tin u o u s  s la b ,  a lth o u g h  n o t  
h a v in g  a d e f i n i t e  p e rc e n ta g e  o f  f i x i t y ,  may be t r e a te d  f o r  s im p l ic i t y  
as "5 0  p e r  c e n t f ix e d "  w ith o u t  gross  e r r o r .
A d e t a i le d  a n a ly t i c a l  in v e s t ig a t io n  o f  th e  b e h a v io u r o f t y p ic a l  
r i g h t  s t e e l  beam b r id g e s  w ith  c o n c re te  s la b  decks was c a r r ie d  o u t by  
Newmark and S ie s s  (1 9 4 2 ) i n  w h ich  s la b  moments w ere  computed f o r  a 
s in g le  p a n e l w ith  s im p ly  sup p o rted  edges c o r re c te d  f o r  th e  e f f e c t s  
o f  c o n t in u i t y  w i t h  a d ja c e n t  p a n e ls  and f o r  th e  e f f e c t  o f  d e f le c t io n  
o f  th e  s u p p o rtin g  beams. They found t h a t  c o n t in u ity  and r e l a t i v e  
d e f le c t io n  produced  e f f e c t s  o f  ro u g h ly  th e  same o rd e r  b u t o f  o p p o s ite  
s ig n . Where th e  d ia m e te r  o f  th e  lo ad ed  a re a  is  e q u a l to  o r  g r e a te r  
th a n  th e  d ep th  o f  th e  s la b ,  and th e  d ep th  o f  th e  s la b  i s  g r e a te r  
th a n  one f i f t i e t h  o f  th e  span , f o r  v a lu e s  o f  c betw een 0 .0 4  and 0 .2 5
( th e  v a lu e  o f  P o is s o n ’ s r a t i o  is  h e re  ta k e n  as z e ro )
Newmark and S ie s s  (1 9 6 3 )  f u r t h e r  exten d ed  t h i s  w ork to  b r id g e  
d e s ig n  fo rm u la e  f o r  s ta n d a rd  U n ite d  S ta te s  T ru ck  L o ad in g s .
b
jl . iur
3 + 10 £  b
( 0 . 2 0  < M 3  0 .2 8 )
M M -  0 .0 8  P (0 .1 2  < M < 0 .2 0 )  ox -  oy -
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1.9 Influence Surfaces
I n  a m anner a n a lo g o u s  t o  t h e  r e p r e s e n t a t i o n  (known a s  an i n f l u e n c e  
l i n e  d ia g ra m ) o f  t h e  e f f e c t  a t  a  s p e c i f i e d  p o i n t  i n  a  beam  o f  a  lo a d  
p la c e d  anyw here on t h e  beam  i t  i s  p o s s i b l e  t o  p ro d u c e  d ia g ra m s  
p e r fo r m in g  a s i m i l a r  f u n c t i o n  f o r  a p l a t e .  The two d im e n s io n a l  
n a tu r e  o f  th e  p l a t e  r e s u l t s  i n  a  t h r e e  d im e n s io n a l  i n f l u e n c e  s u r f a c e  
w h ic h  w i l l  o f  n e c e s s i t y  h a v e  t o  b e  r e p r e s e n t e d  by a tw o d im e n s io n a l  
c o n to u r  d ia g r a m . The p r a c t i c a l  u t i l i t y  o f  i n f l u e n c e  s u r f a c e s  a p p e a r s  
t o  h a v e  b e e n  f i r s t  r e c o g n is e d  b y  W e s te r g a a r d . The c o n s t r u c t io n  o f  
i n f l u e n c e  s u r f a c e s  i n  a m e t h o d ic a l  m an n er , t o  c o v e r  a  w id e  r a n g e  o f  
p l a t e  a s p e c t  r a t i o s  and e d g e  c o n d i t i o n s  h a s  b e e n  u n d e r ta k e n  b y  a num ber 
o f  a u th o r s  i n c lu d in g  E u ch er  (1 9 5 8 )  ( i s o t r o p i c  p l a t e s ) ,  Krug and  
S t e i n  (1 9 6 1 )  ( a n i s o t r o p i c  p l a t e s )  and R u sch  and H erg en ro d er  (1 9 6 1 )
(sk ew  p l a t e s ) .
C o n s id e r  a p l a t e  c a r r y in g  a  u n i t  lo a d  a t  a f i x e d  p o i n t  Cn and
t h e  d e f l e c t i o n  c a u se d  b y  i t  a t  any o t h e r ,  v a r i a b l e ,  p o in t  x , y .  We
may w r i t e  th e  d e f l e c t i o n  i n  t h e  form
w = K ( x , y ,  Cn)
(so m e tim e s  c a l l e d  G reen ’ s  f u n c t i o n  o f  a  p l a t e )
A p p ly in g  th e  r e c i p r o c a l  r e l a t i o n s h i p ,  in t e r c h a n g in g  th e  
s i g n i f i c a n c e  o f  Ch? x  y  we h a v e
K ( x , y  Cn) = K (C n , x y )
Thus t h e  d e f l e c t e d  sh a p e  ( s u r f a c e )  o f  th e  p l a t e  c a u se d  b y  a  u n i t
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lo a d  a t  Ett> p lo t te d  as a two d im e n s io n a l co n to u r d ia g ra m  re p re s e n ts
t h e  d e f l e c t i o n  c a u se d  b y  th e  lo a d  a t  Ett a t  any p o in t  x , y  and a l s o  t h e
d e f le c t io n  a t  Ett caused b y  th e  lo a d  a t  x ,  y .  By u s in g  th e  r e le v a n t
d i f f e r e n t i a l  c o e f f i c i e n t s  o f  t h e  d e f l e c t i o n  i t  i s  p o s s i b l e  t o  p l o t
co n to u rs  o f  s u r fa c e s  f o r  th e  b en d in g  moments M M and M .• x  y  x y
As an ex a m p le  o f  t h e  g e n e r a l  fo rm  o f  p r e s e n t a t i o n  o f  an i n f l u e n c e
s u r f a c e  c o n s id e r  f i g u r e  1 .7  w h ic h  h a s  b e e n  ta k e n  fro m  W este r g a a r d  ( 1 9 3 0 ) .
The u p p er  p a r t  o f  t h e  d ia g ra m  show s t h e  e f f e c t  M o r  M a t  a  p o in tx  y
x ,  y ,  o f  a  u n i t  lo a d  p la c e d  a t  th e  o r i g i n  o ,  o o f  an i n f i n i t e l y  lo n g
p l a t e  s t r i p  w i t h  tw o s im p ly  su p p o r te d  e d g e s .  By t h e  r e c i p r o c a l
p r i n c i p l e  t h e  c o n to u r  l i n e s  a l s o  r e p r e s e n t  t h e  e f f e c t  Mx  o r  a t
t h e  o r i g i n  o ,  o when t h e  u n i t  lo a d  i s  p la c e d  a t  th e  p o i n t  x ,  y .
The lo w e r  p a r t  o f  t h e  d ia g ra m  g i v e s  v a lu e s  o f  t h e  t w i s t i n g  m om ents
M and M1 ( e f f e c t  a t  x ,  y  o f  a  u n i t  lo a d  a t  o ,  o and e f f e c t  a t  x y  x y  ’ J  9
o ,  o  o f  a  u n i t  lo a d  a t  x ,  y ) . I t  s h o u ld  b e  n o te d  t h a t  t h e  r e c i p r o c a l  
r e l a t i o n s h i p  d o e s  n o t  h o ld  i n  t h i s  c a s e  (M • 4  M ^ ) . I t  sh o u ld
a l s o  b e  n o te d  t h a t  th e  d ia g ra m s c o n t a in  a s i n g u l a r i t y  a t  th e  p o in t  
f o r  w h ic h  th e y  a r e  p l o t t e d ;  a t  t h i s  p o i n t  i t  i s  n o t  p o s s i b l e  t o  
q u a n t i f y  t h e  v a lu e  o f  t h e  i n f l u e n c e  s u r f a c e .  H ow ever t h i s  i s  n o t  
a  s e r i o u s  r e s t r i c t i o n  w h ere  d i s t r i b u t e d  lo a d s  a r e  c o n s id e r e d  b e c a u s e  
i t  i s  th e  vo lu m e o f  t h e  i n f l u e n c e  s u r f a c e  u n d er t h e  lo a d  w h ic h  
d e te r m in e s  th e  r e s u l t ;  t h e  o m is s io n  o f  th e  vo lu m e o f  t h e  p ea k  v a lu e  
u n d er  t h e  lo a d  a f f e c t s  t h e  r e s u l t  b u t  l i t t l e .
I n f l u e n c e  s u r f a c e  d ia g ra m s ca n  b e  e x te n d e d  t o  p l a t e s  c o n t in u o u s  
o v e r  beam s b y  co m b in in g  r e s u l t s  f o r  s im p le  p l a t e s  s o  a s  t o  p r o d u ce
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F i g u r e  1 » 7  I n f l u e n c e  s x i r f a c e s  f o r  a n  i n f i n i t e  p l a t e  s t r i p
t h e  r e q u ir e d  c o n t i n u i t y  o f  s l o p e ,  d e f l e c t i o n  o r  o t h e r  r e l e v a n t  
c o n d i t i o n  i n  th e  p l a t e  a t  t h e  s u p p o r t in g  beam . (S e e  H o e la n d  (1 9 5 6 )  ) .  
H ow ever a m ethod o f  s u f f i c i e n t  a c c u r a c y  f o r  d e s ig n  p u r p o s e s  i s  t o  
c o n s id e r  a  t r a n s v e r s e  s t r i p  o f  p l a t e  a s  a  c o n t in u o u s  beam s im p ly  
s u p p o r te d  a t  e a c h  l o n g i t u d i n a l  s u p p o r t in g  beam p o s i t i o n .  The p o i n t s  
o f  c o n t r a f l e x u r e  a r e  fo u n d  f o r  t h i s  s t r i p ;  t h e  d i s t a n c e  b e tw e e n  
e a c h  p o in t  o f  z e r o  b e n d in g  moment i s  th e n  t r e a t e d  a s  a .r e d u c e d  sp an  
w it h  s im p ly  su p p o r te d  e d g e s .
F ig u r e  1 .8  sh ow s su c h  a  s t r i p  i n  an i n t e r n a l  p a n e l  o f  a l a r g e  
number o f  sq u a r e  b a y s  o f  a  p l a t e  c o n t in u o u s  o v e r  r i g i d  beam s w h ic h  
do n o t  o f f e r  t o r s i o n a l  r e s t r a i n t .  From t h e  b e n d in g  moment d ia g ra m  
i t  w i l l  b e  o b s e r v e d  t h a t  t h e . l e n g t h  o f  s a g g in g  b e n d in g  moment i s  
( 0 .6 8 4 4  a ) .  T he m id -s p a n  p l a t e  m om ents can  th e n  b e  fo u n d  fro m  t h e  
i n f l u e n c e  s u r f a c e  f o r  a  s im p ly  s u p p o r te d  p l a t e  o f  s i d e s  ( 1 . 0  a)  
and ( 0 .6 8 4 4  a ) .  The su p p o r t  m om ents ca n  b e  fo u n d  b y  a ssu m in g  t h a t  
th e  r a t i o  b e tw e e n  t h e  s u p p o r t  and m id -sp a n  m om ents o f  t h e  s t r i p  i s  
e q u a l  t o  t h e  r a t i o  o f  t h e  s u p p o r t  and m id -sp a n  mom ents o f  t h e  p l a t e .
1 .1 0  D i s c u s s io n
The th e o r y  o f  t h i n  p l a t e s  i s  u s e d  t o  d e r iv e  c lo s e d - f o r m  s o l u t i o n s  
t o  t h e  p r o b le m  o f  a  c o n c e n t r a t e d  l o a d . a c t i n g  on a  s im p ly  su p p o r te d  
p l a t e  o f  i n f i n i t e  l e n g t h .  S o lu t io n s  a r e  o b ta in e d  f o r  t h e  b e n d in g  
m om ents c a u se d  a t  th e  p o in t  o f  a p p l i c a t i o n  o f  th e  l o a d ,  and a t  o t h e r  
p o i n t s ,  f o r  lo a d s  c o v e r in g  a  g iv e n  c o n t a c t  a r e a .  M ethods o f  t r e a t i n g  
th e  e f f e c t  o f  c o n t i n u i t y  i n  t h e  p l a t e  o v e r  th e  su p p o r te d  e d g e s  a r e
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F i g u r e  1 . 8  B e n d i n g  m o m e n t  i n  a  c o n t i n u o u s  p l a t e  s t r i p
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t r e a te d .  A id s  to  p r a c t ic a l  d e s ig n  in  th e  form  o f  in f lu e n c e  s u rfa c e s  
and fo rm u la e  a re  d e s c r ib e d .
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22 .1  The f a c t  t h a t ,  u n d er lo a d , a c o n c re te  b r id g e  deck d e f le c ts
and in  so d o in g  t r a n s fe r s  th e  lo a d  to  i t s  s u p p o rtin g  s t e e l  g i r d e r s ,  
p r o v id in g  by i t s  own s t i f f n e s s  a lo a d  d is t r i b u t io n  m edium ,appears  
to  have been c o n s id e re d  u n im p o rta n t by d e s ig n e rs  i n  th e  e a r ly  
developm ent o f  th e s e  b r id g e s . In s te a d ,  cross  g ir d e r s  spann ing  
betw een  m ain g ir d e r s  w ere assumed to  p ro v id e  lo a d  t r a n s f e r .  H ow ever, 
in  th e  decade 1930 -  1940 a t t e n t io n  was b e in g  g iv e n  to  a n a ly t i c a l  
te c h n iq u e s  f o r  m easu rin g  th e  lo a d  d is t r ib u t in g  p r o p e r t ie s  o f  th e  
d ec k , n o ta b le  c o n tr ib u t io n s  b e in g  made by K n ig h t ( 1 9 3 4 ) ,  Jensen (1 9 3 8 ) ,  
Newmark (1 9 3 8 ) and l a t e r  by Newmark and S ie s s  ( 1 9 4 2 ) ,  H endry  and 
J a e g e r ( 1 9 5 8 ) ,  R i t c h ie  ( I 9 6 0 ) ,  Akesson (1 9 6 1 ) .  Some o f  th e  methods 
e v o lv e d  by th e s e  a u th o rs  a re  s u i ta b le  f o r  hand c a lc u la t io n ,  o th e r s ,  
th e  more r e c e n t ,  r e s t r ic t e d  to  e le c t r o n ic  co m p u ta tio n . They a re  
exam ined h e re  ro u g h ly  i n  o rd e r  o f  in c r e a s in g  c o m p le x ity .
2 .2  The p ro b lem  may be i l l u s t r a t e d  by c o n s id e r in g  a r ig h t
b r id g e  deck c o n s is t in g  o f  a c o n c re te  s la b  su p p o rted  b y , b u t n o t  
com posite  w i t h ,  s im p ly  su p p o rted  p a r a l l e l  s te e l  g ir d e r s  ( f ig u r e  2 . 1 ) .
Continuous decks on flexible beams
i
ii
F i g u r e  2 . 1  S t e e l  b e a m  a n d  c o n c r e t e  s l a b  b r i d g e  d e c k
5 6
The e f f e c t  o f a c o n c e n tra te d  lo a d  p la c e d  a t  some random p o in t  may 
be e v a lu a te d  in  two s ta g es  : -
(a )  w ith  th e  g ir d e r s  f ix e d  a g a in s t  v e r t i c a l  movement 
t r e a t i n g  th e  deck as a s la b  on f ix e d  p a r a l l e l  supports
(b ) w ith  th e  g ir d e r s  f r e e  to  d e f le c t  v e r t i c a l l y ,  c a r r y in g  th e  
r e a c t io n s  t r a n s m it te d  t o  them  as a r e s u l t  o f  s ta g e  ( a ) .
On th e  assum ption  t h a t  th e r e  is  no s e p a ra t io n  o f  g ir d e r s  
and s la b  th e y  d e f le c t  e q u a lly  and th e  s ta g e  (b )  e f f e c ts  
may be e v a lu a te d .
The most s im p le  a n a ly t i c a l  m odel o f  t h is  b r id g e  deck is  th e  
t ra n s v e rs e  s e c t io n  o f  u n i t  w id th  th ro u g h  th e  lo a d  shown in  f ig u r e  2 . 2 . 
S tage  (a )  e f f e c t s  may be e v a lu a te d  im m e d ia te ly  fro m  th e  a n a ly s is  o f  
a beam s t r i p  on f ix e d  s u p p o rts  b u t  a  g ross o v e r - s im p l i f ic a t io n  o f  
th e  r e a l  s t r u c tu r e  is  a p p a re n t because th e  beam s t r i p  does n o t  
r e c e iv e  t h a t  s u p p o rt fro m  n e ig h b o u r in g  p o r t io n s  o f  th e  s la b  w hich  
i t  w ou ld  in  f a c t  do; th e  lo n g i t u d in a l  d is t r i b u t in g  power o f  th e  
s la b  is  ig n o re d . S tage  (b )  e f f e c t s  pose an e q u a lly  d i f f i c u l t  
p ro b lem  in  t h a t  th e  response o f  th e  e l a s t i c  s u p p o rtin g  g ir d e r s  to  
lo a d  v a r ie s  fro m  a maximum a t  th e  c e n tre  to  z e ro  a t  each end , as 
i l l u s t r a t e d  in  f ig u r e  2 .3  th e  d e f le c t io n  a t  a p o in t  x  fro m  one end 
b e in g  : -
L [ x ( l - x ) ] 2 
3 E I 1 J
In  s t i f f n e s s  term s th e  lo a d  r e q u ir e d  to  cause u n i t  d e f le c t io n  is
K E l  
L
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F i g u r e  2 . 2  B r i d g e  d e c k  -  u n i t  w i d t h  s t r i p  o n  r i g i d  
a n d  e l a s t i c  b e a m s
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XF i g u r e  2 . 3  L o a d  -  d e f l e c t i o n  r e l a t i o n s h i p  f o r  a  
s i m p l y  s u p p o r t e d  b e a m
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where IC = 3/ £x(l-x)J 2 (Table 2.1)
E x a m in a tio n  o f  t h i s  c o n t in u o u s  beam  on e l a s t i c  s u p p o r t  p ro b lem  
may b e r e a d i l y  made by t h e  f l e x i b i l i t y  m ethod i n  w h ich  t h e  r u l i n g  
p a r a m e te r  X i s  th e  r e l a t i o n s h i p  o f  b e a m -to -s u p p o r t  s t i f f n e s s  s -
Beam s t i f f n e s s
X =
S u p p o r t s t i f f n e s s
The beam  s t i f f n e s s  i s  c o n v e n ie n t ly  d e f in e d  a s  t h e  lo a d  r e q u ir e d  
t o  p r o d u c e  u n i t  d e f l e c t i o n  a t  t h e  c e n t r e  o f  a beam  sp a n n in g  a  
d i s t a n c e  e q u a l  t o  t w ic e  t h e  s u p p o r t  s p a c in g  (b )
i . e .  beam  s t i f f n e s s .  = 48 ( E l)  d e c k . = 6(EX) d eck  2 ,1
(2 b ) b 3
B u t t h e  su p p o r t  s t i f f n e s s  i s ,  as h a s  b e e n  e x p la in e d  a b o v e ,  
d i f f i c u l t  t o  d e f i n e .  A p o s s i b l e  a p p ro a ch  i s  t o  c o n s id e r  a  beam  
s t r i p  o f  w id th  d x , a t  a  d i s t a n c e  x  fro m  on e end o f  t h e  e l a s t i c  
su p p o r t  g ir d e r  ( f i g u r e  2 . 3 ) .
We may w r i t e
X =
(
6 ( E l) d e c k  dx^j j 3L (E l)  g ir d e r  2 .2
|x  ( L_X)J
b 3 L 1 /  r „  v i  2
i n  w h ic h  t h e  s u p p o r t  s t i f f n e s s  term  i s  t h a t  g iv e n  i n  t h e  p r e c e d in g  
p a r a g r a p h .
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X
L
K
x l 0 ~ 4
0 . 0 0 0 . 0
0 .0 5 8 .0
0 .1 0 2 7 .0
0 .1 5 5 4 .0
0 .2 0 8 5 .0
0 .2 5 1 1 7 .0
0 .3 0 1 4 7 .0
0 .3 5 1 7 3 .0
0 .4 0 1 9 2 .0
0 .4 5 2 0 4 .0
0 .5 0 2 0 8 .0
T a b le  2 .1  V a lu e  o f  K i n  e q u a t io n  2 .1
6 1
By integrating equation 2.2
(EX) deck 6 L5
( E l )  g i r d e r 3 x  30 T 2 3
L b
( E l ) .d e c k 30 .0 6 6 2 5 2.3
( E l )  g i r d e r
w here ( E l )  deck  r e la t e s  to  th e  com plete  span o f  th e  d eck .
K n ig h t (1 9 3 4 ) suggested  th e  use o f v a lu e s  f o r  beams on e l a s t i c  
su p p o rts  as b e in g  a v a l i d  m ethod o f  d e te rm in in g  th e  re a c t io n s  betw een  
s la b  and g ir d e r  in  com posite  b r id g e s  and had produced ta b le s  c o v e r in g  
a ran ge  o f  r e l a t i v e  s la b  to  g ir d e r  s t i f f n e s s .  The method does n o t ,  
h o w ever, seem to  have been g e n e r a l ly  ad o p ted .
T a b u la te d  r e s u l t s  a re  a v a i la b le  f o r  co n tin u o us  beams on e la s t i c  
su p p o rts  (s e e  T r o i t s k y  (1 9 6 7 ) )  b u t th e s e  do n o t c a te r  f o r  e l a s t i c  
s u p p o rts  o f  v a r y in g  s t i f f n e s s .  W ith  modern c o m p u ta tio n a l te c h n iq u e s , 
h o w ever, th e r e  i s  no g re a t  d i f f i c u l t y  in  c a lc u la t in g  in f lu e n c e  l in e s  
f o r  s u p p o rt re a c t io n s  w here th e  su p p o rts  have v a ry in g  s t i f f n e s s e s .  
Exam ple o f  such in f lu e n c e  l in e s  a re  shown in  f ig u r e  2 .4  (Boyce 1 9 7 3 ) .
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2.3 Harmonic analysis
The d i f f i c u l t y ,  r e fe r r e d  to  in  th e  p re v io u s  s e c t io n ,  o f  
a s s e s s in g  th e  s t i f f n e s s  o f  an e l a s t i c  beam s u p p o rt may be removed by  
th e  a r t i f i c e  o f  r e p la c in g  th e  lo a d in g  system  w ith  one more mathema­
t i c a l l y  t r a c t a b le .  The m ethod, o f  w id e  a p p l ic a t io n  in  many branches  
o f  e n g in e e r in g ^ h a s  a lre a d y  been m entioned  i n  re fe re n c e  to  th e  a n a ly s is  
o f  p la t e s .  I t  appears  to  have f i r s t  been  used f o r  th e  c a lc u la t io n  o f  
d is t r i b u t io n  c o e f f ic ie n t s  by H endry and J ae g e r (1 9 5 8 ) .
C o n s id er th e  s im p ly  s u p p o rted  g ir d e r  o f  span L c a r r y in g  a 
c o n c e n tra te d  lo a d  W a t  a d is ta n c e  a fro m  one end ( f ig u r e  2 . 5 ) .
The lo a d  may be re p la c e d  by th e  i n f i n i t e  harm onic  s e r ie s
tt _ 2W f ia  rcx . • 2ua . 2tcx 12.4
w ~ ~  I t  sin ~  + sin —  sin n r  •••
(s u b je c t  to  c e r t a in  m a th e m a tic a l r e s t r ic t io n s  on convergence w h ich  
need n o t concern  us h e r e ) .
A lo a d /d e f le c t io n  r e la t io n s h ip  is  now r e q u ir e d .  F o r a u n ifo rm  
g ir d e r  (c o n s ta n t  E l )  th e  fo l lo w in g  r e la t io n s h ip s  a p p ly .
j 4
Load W = E l  - 2 - f  
dx4
.3
S hear S = - E l
dx
A2
Moment M = - E l  —  
dst
65
L—>--------- V
A x A
F i g u r e  2 . 5  P o i n t  l o a d  o n  s i m p l y  s u p p o r t e d  b e a m
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dx
D e f l e c t i o n  = y  
I n t e g r a t i n g  e q u a t io n  2 .4  f o u r  t i m e s ,
Slope 0 =
3
2WL f  i a  tux . 2iua ' 2iux 1 2 .5
tu4E I
Thus th e  beam s t i f f n e s s  ( lo a d  to  cause u n i t  d e f le c t io n )  may be found
f o r  any h arm o nic  o f  lo a d in g . D e n o tin g  th e  s t i f f n e s s  f o r  h arm onic  n
as K we have  n
r . ua TUX i . i1 S l n  — s m Li s m  —=— Li s in  “  " ]
K, = 2W tu4E I tu4EI
1 L 2WL3 L4
2W iu4E In 4 tu4E I  4K = — ■ • ---------= •— j -  . n  2 . 6
11 L 2WL L4
I t  i s  a p p a re n t fro m  a s tu d y  o f  f ig u r e  2 .6  t h a t  th e  harm onic  
s e r ie s  f o r  th e  lo a d in g  fu n c t io n  is  a v e ry .p o o r  s im u la t io n  o f  a 
c o n c e n tra te d  lo a d , ( i n  f a c t  th e  s e r ie s  is  d iv e r g e n t . )  H ow ever, t h is  
c r i t i c i s m  does n o t a p p ly  to  a n y th in g  l i k e  th e  same e x te n t  to  th e  
b en d in g  moment fu n c t io n  and a s in g le . t e r m  is  a l l  t h a t  is  r e q u ir e d  to  
produce a d e f le c t io n  a lm o st id e n t i c a l  to  th e  r e a l  d e f le c t io n .  The 
p h y s ic a l e x p la n a t io n  is  r e a d i l y  seen; i t  i s  th e  beam w h ich  produces  
a ’sm ooth ing* o f  th e  a b ru p t lo a d in g  fu n c t io n  by i t s  e l a s t i c  c u r v a tu r e .
H av in g  s o lv e d  th e  p ro b lem  o f  th e  e l a s t i c  response o f  beams to  
lo a d in g  by th e  a d o p tio n  o f  a harm onic  s e r ie s  to  re p re s e n t  th e  lo a d in g ,
67
D e f l e c t i o n
F i g u r e  2 . 6  F i r s t  h a r m o n i c  s u b s t i t u t i o n  f o r  a  p o i n t  l o a d  
a t  m id  s p a n
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i t  i s  then p o ss ib le  to  determine d is tr ib u t io n  c o e f f ic ie n t s  
in d ic a t iv e  o f the magnitude of e f f e c t  transm itted  between lo n g i­
tu d in a l beams. f
As an example consider the three g irder deck-of f ig u re  2 .7  
supporting a concentrated load over the middle g irder at mid-span.
Replacing the concentrated  load by the f i r s t  term o f the harmonic
i]
4
4s e r ie s  and hence w r itin g  the spring s t i f f n e s s  as ir (El) g rder
L
i t  can be shown th a t , for  a deck s tr ip  o f u n it w idth , the  
d e f le c t io n s  o f each g irder caused by the load have the fo llo w in g  
proportions of the " free” d e f le c t io n  Y o f the g irder were i t  to  
carry the load on i t s  own
y i I  4 + 3a J
= r l j L K i
2  L 4 + 3a I
Y
y 3 [ r a 2 — 1 I 4 + 3aJ
where the p h y sica l constant a , a measure o f r e la t iv e  slab  to  
g irder s t i f f n e s s ,  i s  ca lcu la ted  from
a = (E l) deck L3 ' 12
(E l) g irder b ifc
6 9
--------------------------------------Y
W
L
y
-- ----------- 1
y
b b
b / 2
b
b
b / 2
L
F i g u r e  2 . 7  E x a m p le  o f  t h r e e  g i r d e r  d e c k
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(EX) deck  
a . = -----------------------
( E l )  g ir d e r
(The s i m i l a r i t y  o f fo rm  o f  a and X 
n o te d )
A d o p tin g  a d is t r i b u t io n  c o e f f i c ie n t .n o t a t io n ,  PaB> in  w h ich  
s u b s c r ip t  ’ a 1 r e fe r s  to  th e  lo a d e d  g ir d e r  and f b ' to  th e  g ir d e r  
a f f e c t e d ,  th e  d e f le c t io n s  may be w r i t t e n
T h is  s im p le  exam ple is  s u b je c t  to  th e  l im i t a t io n s  t h a t  th e  
g ir d e r s  a re  o f  e q u a l and c o n s ta n t E l  and ze ro  t o r s io n a l  r i g i d i t y  
(6 = 0 ) and t h a t  th e  deck s la b  has z e ro  t o r s io n a l  r i g i d i t y  (^J  = 0 ) . Cf 
B ut th e r e  is  no d i f f i c u l t y  in  e x te n d in g  th e  a n a ly s is  to  more 
c o m p lic a te d  cases .
T a b le  2 .2 .  shows th e  e f f e c t  on th e  d is t r i b u t io n  c o e f f ic ie n t s  
o f  v a r y in g  th e  t o r s io n a l  r i g i d i t y  and r o t a t io n a l  r e s t r a in t  o f th e  
g ir d e r s .  I t  w i l l  be seen t h a t  in  a l l  th e  cases th e  d is t r i b u t io n  
c o e f f ic ie n t s  have th e  same fo rm
/  T \ 3
in  e q u a tio n  2 .3  sho u ld  be
0.12313 2 .7
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CASE P = P
21 23 P22
G ird e rs  o f  ze ro  t o r s io n a l  r i g i d i t y a /4 1 H- a /4
( $ = o) 1 + 3  ( a /4 ) 1 + 3 ( a /4 )
G ird e rs  o f  i n f i n i t e  t o r s io n a l  r i g i d i t y  
a llo w e d  r i g i d  body r o t a t io n  
( $ = oo)
“ 1 1 + a 1
1 + 3a
1
1 + 3a
1
G en era l case , g ir d e r s  o f f i n i t e  
to r s io n a l  r i g i d i t y  a llo w e d  to  r o t a t e
a -
g l
1 + a « 
g l
1 + 3a n 
g l
1 + 3a , 
g l
G ird e rs  o f  i n f i n i t e  t o r s io n a l  r i g i d i t y ......... a 1 + a
w ith o u t  r o t a t io n 1 + 3 1 + 3a
T a b le  2 .2  E f f e c t  o f  to r s io n a l  r i g i d i t y  arid r o t a t io n  o f lo n g itu d in a l  
g ird e rs  on d is t r ib u t io n  c o e f f ic ie n ts
£
N ote a = a ( l  -  —  ) = 0 .3 9 2 a
1 2 IT
a  .  -  a  f  i  -  _ 1  - i l -  -  _ 1 _  1 
8 ! ir2 2 + 6 1 4 ( 2 + e x) J
_ tt2 . b /  (GJ) g ir d e t
b 2 L T o ta l  ( E l )  deck
kap  =  p  =  ------------------
21 23  1 + 3ka
1 + ka
P99 = -----------1 + 3ka
in  w h ich  th e  m u l t i p l i e r ,  k ,  l i e s  betw een 0 .2 5  f o r  th e  f i r s t ,  le a s t  
e f f i c i e n t ,  case and 1 . 0  f o r  th e  l a s t ,  most e f f i c i e n t  c as e .
S im i la r  c o e f f ic ie n t s  o ccu r when th e  t o r s io n a l  s t i f f n e s s  o f  th e  
deck is  a llo w e d  f o r
p  =  P
2 1  2 3
1  + 3a 1 
1
p = 1 + a
22 1
1
1 + 3a 1 1
a 1 = ( 1  +  Y -  6 /n 2 )
Y = tr2 ( y" . ) 2 B T o t a l  (GJ) deck  
12 T o t a l  ( E l )  deck
F o r th e  case i n  w h ich  th e  o u te r  g ir d e r s  have a second moment o f  a re a  
w h ich  is  d i f f e r e n t  fro m  t h a t  o f  th e  in n e r  g ir d e r
1 = 1  =  n  I
1 3  2
■ _ a
2 1  2 3  +  a  ( l + 2 p )
_  A n +  a  
2 2  4 n  +  a ( l + 2 n )
in which a is related to I2
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The harm onic  a n a ly s is  method is  thu s  o f  q u ite  g e n e ra l a p p l ic a t io n  
to  b r id g e  deck a n a ly s is .  G ra p h ic a l v a lu e s  o f d is t r i b u t io n  c o e f f ic ie n t s  
f o r  a w id e  range o f  a  a re  g iv e n  by Hendry and J a e g e r f o r  decks w ith  
up to  s ix  lo n g i t u d in a l  g ir d e r s  ( f ig u r e  2 . 8  shows th o se  f o r  a f i v e  
g ir d e r  d e c k ) . F o r decks w ith  more th a n  s ix  lo n g itu d in a ls  (s a y  w ith  
N lo n g i t u d in a ls )  i t  can be shown t h a t  th e  e q u iv a le n t  s ix  g i r d e r  b r id g e  
w i l l  have g iv e n  by
C6)*ta . = a „  ;6 N (N)
T ra n s v e rs e  b en d in g  moments in  th e  deck may be c a lc u la te d  by  
s u p e rp o s in g  th e  b en d in g  moments in  a beam s t r i p  on f ix e d  sup p o rts  
and th e  b en d in g  moments in  th e  beam s t r i p  caused by th e  r e l a t i v e  
d e f le c t io n  o f  th e  lo n g i t u d in a l  members.
2 .4  D is t r ib u t io n  p ro ce d u re
In  a manner analogous to  th e  moment d is t r i b u t io n  method
d ev e lo p e d  by H ardy  Cross ( 1 9 3 2 ) ,  f o r  th e  a n a ly s is  o f  beams and fra m e s ,
i t  is  p o s s ib le  to  d e r iv e  a d is t r i b u t io n  p ro ced u re  f o r  s la b s  
co n tin u o u s  o v e r f l e x i b l e  beams. ^Newmark (1 9 3 8 ) .j The tw o -d im e n s io n a l  
c h a r a c te r  o f  th e  s la b  w i l l  c le a r ly  make th e  method more com plex th a n  
beam moment d is t r i b u t io n .
Once a g a in  th e  s u b s t i t u t io n ,  by a F o u r ie r  a n a ly s is ,  o f  a 
harm onic  s e r ie s  f o r  th e  a c tu a l  lo a d in g  a p p lie d  to  th e  s la b  is  an 
e s s e n t ia l  p r e - r e q u is i t e .  The r e s u l t in g  b en d in g  moments, r e a c t io n s ,
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e x p r e s s e d  i n  a t r a c t a b l e  fo rm . I f  th e  lo a d  on t h e  s la b  c a n  be
e x p r e s s e d  by
CO
\  . mrxp = /  p------------s m  *-r Z __ i rn  a
n=o
w h ere  pn  i s  a  f u n c t io n  o f  y  o n ly  th e n  c o n s id e r in g  t h e  s l a b  shown i n
f i g u r e  2 .9  i t  i s  a p p a r e n t  t h a t  th e  n tb  com ponent o f  t h e  lo a d  s e r i e s
d i v i d e s  t h e  s la b  i n t o  n e le m e n ts  e a c h  o f  w h ich  b e h a v e s  a s  i f  i t  
w e r e  on s im p le  s u p p o r ts  p a r a l l e l  t o  t h e  y  a x i s  c a r r y in g  a s i n g l e  s i n e  
w ave lo a d in g .
F ig u r e  2 .1 0  show s a s la b  p a n e l  w i t h  tw o s im p ly  s u p p o r te d  and 
two f i x e d  o p p o s i t e  e d g e s .  A s i n u s o i d a l  lo a d in g  w i l l  c a u s e  s i n u s o i d a l  
b e n d in g  mom ents and r e a c t i o n s  a t  t h e  f i x e d  e d g e s .  I f  some 
e q u i l ib r iu m  c r i t e r i o n  i s  t o  b e  s a t i s f i e d  a t  t h e s e  e d g e s  (b y  r e a s o n
o f  th e  c o n t i n u i t y  o f  t h e  p a n e l  w i t h  n e ig h b o u r in g  p a n e l s  o r  th e
p r e s e n c e  o f  a  s u p p o r t in g  beam  a t  t h e s e  e d g e s )  th e n  th e  r e s p o n s e  o f  
e d g e s  f  and g t o  a p p l ie d  lo a d in g  (moment o r  r e a c t i o n )  o r  d is p la c e m e n t  
( r o t a t i o n  o r  d e f l e c t i o n )  n e e d s  t o  b e  know n. I f  t h e  e d g e  f  i s  s u b j e c t e d  
t o  one o f  t h e s e  e f f e c t s  d i s t r i b u t e d  s i n u s o i d a l l y ,  f o r  e x a m p le , a  
r o t a t i o n
deflections and rotations caused by the substitute load can then be
t h i s  w i l l  p ro d u ce  m om ents a t  e d g e s  f  and g . The shape o f  t h e  moment
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yF i g u r e  2 . 9  S i n e  l o a d  ( d e f l e c t i o n  e t c . )  o n  s l a b  w i t h  
t w o  o p p o s i t e  e d g e s  s i m p l y  s u p p o r t e d
R ( o r  R ( o r
A ) A)
F i g u r e  2 . 1 0  D e f i n i t i o n  o f  m o m e n t s ,  r e a c t i o n s  e t c .  a t  
o t h e r  t h a n  s i m p l y  s u p p o r t e d  e d g e s
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jcurves  w i l l  be id e n t ic a l  to  th e  o r ig in a l  r o t a t io n ,  t h e i r  m agnitude  
d e te rm in e d  by e la s t i c  c o n s ta n ts  analogous to  beam s t i f f n e s s ,  and 
c a r r y  o v e r fa c to r s  in  c o n v e n tio n a l moment d is t r i b u t io n .
Because th e  lo a d in g  in  th e  x  d i r e c t io n  is  a s in e  wave th e  
d e f le c t io n s  a lo n g  a l l  s e c tio n s  p a r a l l e l  to  th e  y  a x is  a re  s im i la r  in  
shape. I t  i s  thus  p o s s ib le  to  i s o l a t e ,  a lo n g  a l i n e  p a r a l l e l  to  th e  
y a x is ,  a f i c t i t i o u s  c o n tin u o u s  beam w h ich  may be t r e a te d  as a 
r e a l  co n tin u o u s  beam p ro v id e d  th e  e s s e n t ia l  s t i f f n e s s  and c a r ry  o v e r  
f a c to r s  can be c a lc u la te d .  I t  must be p a r t i c u l a r l y  n o te d  t h a t  i t  
i s  n o t p o s s ib le  to  f in d  r e a c t io n s  and shears  by s t a t ic s  (as  is  done 
w ith  a r e a l  co n tin u o u s  beam ); f u r t h e r  e l a s t i c  co n s tan ts  a re  
r e q u ir e d  to  do t h i s .  The e l a s t i c  c o n s ta n ts  c o rre s p o n d in g  to  
r o t a t io n a l  and t r a n s la t io n a l  d is p la c e m e n ts  o f  one s id e  o f  a  s la b  
a re  sum marised in  f ig u r e  2 .1 1 .  T h e ir  n u m e r ic a l v a lu e s  a re
K . = Ct ~k  b
DS = C r-s b
T . =  C ~
b 3
Q = C -
q .b2
w here th e  v a r io u s  c o e f f ic ie n t s  C a re  fu n c tio n s  o f  th e  s la b  p a n e l 
a s p e c t r a t i o  (some t y p ic a l  v a lu e s  a re  g iv e n  in  t a b le  2 . 3 ) .  Some 
v a lu e s  o f  th e  c a r r y -o v e r  f a c to r s  k ,  t  and q , w h ich  a re  a ls o  fu n c t io n s  
o f  th e  p a n e l a s p e c t r a t i o ,  a re  a ls o  g iv e n  in  t a b le  2 . 3 .
8 1
A *  A ' s i n
R=T A
F i g u r e  2 . 1 1  D e f i n i t i o n  o f  e l a s t i c  c o n s t a n t s
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A spect
r a t i o %
Cs c t Cq k t q
0 . 0 4 .0 0 0 3 .0 0 0 1 2 . 0 0 0 6 . 0 0 0 0 .5 0 0 0 1 . 0 0 0 0 1 . 0 0 0 0
1 . 0 6 .6 5 1 6 .4 1 0 6 8 .7 9 6 1 3 .4 2 1
2 6 .9 6 9
0 .1 9 0 2 0 .3 5 0 1 0 .4 3 2 1
2 . 0 1 2 .5 7 2 1 2 .5 6 7 , 4 9 6 .4 2 1 4 7 .7 1 8 0 .0 1 9 7 0 .0 2 7 2 0 .0 3 9 1
3 .0 1 8 .8 5 0 1 8 .8 5 0 1 6 7 4 .3 4 3 1 0 6 .5 9 2 0 .0 0 1 4 0 .0 0 1 7 0 .0 0 2 5
4 .0 2 5 .1 3 3 iico
a
3 9 6 8 .8 0 3 1 8 9 .4 9 6 0 . 0 0 0 0 0 . 0 0 0 0 0 . 0 0 0 1
5 .0 3 1 .4 1 6 o CO
u
P
7 7 5 1 .5 7 2 9 6 .0 8 8 0 . 0 0 0 0 0 . 0 0 0 0 0 . 0 0 0 0
6 . 0 3 7 .6 9 9
cf*
11CO
o
1 3 3 9 4 .7 1 4 2 6 .3 6 7 0 . 0 0 0 0 0 . 0 0 0 0 0 . 0 0 0 0
T a b le  2 .3  C o e f f ic ie n ts  in  e x p re s s io n  f o r  p a n e l s t i f fn e s s e s  
and c a r r y -o v e r  fa c to r s
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The p ro ce d u re  is  to  c o n s id e r , s e p a r a te ly ,  a number o f harm onics  
o f  lo a d in g  and to  p e r fo rm  a n u m e r ic a l d is t r ib u t io n  u s in g  th e  r e le v a n t  
s t i f f n e s s  and c a r r y -o v e r  f a c t o r s .  E l a s t i c  sup p o rts  ( f l e x i b l e  beams) 
a re  ta k e n  in t o  account by e q u a tin g  beam and s la b  d e f le c t io n s  a lo n g  
th e  b eam -s lab  c o n ta c t  l i n e .  ( I t  sh o u ld  be n o te d  t h a t  com posite  
a c t io n  is  n o t ,  s t r i c t l y ,  a llo w e d  b u t  t h a t  i f  th e  beam s t i f f n e s s  is  
found  by assum ing com posite  a c t io n  th e  r e s u lts  a re  a c c e p ta b le ) .
The f i n a l  b en d in g  moments, d e f le c t io n s  e tc .  a re  fou n d  by s u p erp o s in g  
f r e e  and d is t r ib u t e d  e f f e c t s .
The amount o f  n u m e r ic a l w ork in v o lv e d  in  u s in g  t h is  d is t r i b u t io n  
p ro c e d u re  is  r e l a t i v e l y  la r g e :  i t  was d eve lo ped  b e fo re  th e  adven t
o f  t h e - e le c t r o n ic  com puter. F o r t h is  reaso n  i t  may be assumed th a t  
th e  method d id  n o t  become w id e ly  used f o r  deck a n a ly s is .  H ow ever, 
one com prehensive s e t  o f  c a lc u la t io n s  was made f o r  s im p ly  s u p p o rted  
r i g h t  b r id g e  decks c o n s is t in g  o f  c o n c re te  s lab s  s u p p o rted  by (b u t  
n o t com posite  w ith )  f i v e  i d e n t i c a l  u n ifo r m ly  spaced s t e e l  beams 
(Newmark and S ies s  1 9 4 2 ) .
2 .5  S e r ie s  s o lu t io n s  due to  R i t c h ie
A method due to  R i t c h ie  ( 1 9 6 0 ) ,  w h ich  seems to  have a t t r a c t e d  
l i t t l e  a t t e n t io n ,  b u t  w h ich  has th e  m e r i t  o f  b e in g  am enable to  hand  
c a lc u la t io n  (w ith  p erhaps th e  h e lp  o f  a  s im p le  desk add ing  m achine  
to  red uce  th e  la b o u r  o f  sum m ation) w i l l  now be d e s c r ib e d
The m a th e m a tic a l m odel i s  based on an id e a l is e d  b r id g e  s t r u c tu r e
8 4
(a )  e l a s t i c  m a te r ia ls
(b )  e q u a lly  spaced , r i g b t ,  lo n g i t u d in a l  g ir d e r s  o f  u n ifo rm
f l e x u r a l  r i g i d i t y  and z e ro  t o r s io n a l  r i g i d i t y  s im p ly  
su p p o rted  a t  t b e i r  ends
(c )  a s la b  o f  u n ifo rm  f l e x u r a l  r i g i d i t y ,  s im p ly  s u p p o rted
a t  tb e  b r id g e  a b u tm en ts , w h ic h  under a l l  c o n d it io n s  o f
lo a d in g  rem ains  i n  c o n ta c t  w ith  tb e  g ir d e r s  b u t  has no *, 
s h ear c o n n e c tio n  w ith  them .
As a f i r s t  s te p  c o n s id e r  a  s la b  o f  i n f i n i t e  w id th  and span (a )  
s im p ly  s u p p o rted  a t  th e  abutm ents and c a r r y in g  a lo a d  ( p o in t ,  u n ifo rm  
l i n e  in  d ir e c t io n  o f  g ir d e r s  o r  u n ifo r m ly  d i s t r i b u t e d ) , I f  tb e
lo a d  is  exp ressed  as tb e  sum o f  s u i ta b le  s in e  s e r ie s  e q u a tio n s  can
be d e r iv e d  f o r  th e  d e f le c te d  shape o f th e  p la te  by a tre a tm e n t  
i d e n t i c a l  to  t h a t  g iv e n  in  an e a r l i e r  s e c t io n .
U n ifo rm ly  d is t r ib u t e d  lo a d , q p e r  u n i t  a re a
composed of
00
Load s e r ie s  q ( x ,y ) 4q V  . 1 s m  nirx 
a
tt Z  i n  
1 !
00
D e f le c t io n  w s m  UTTX 
a
1,3
L in e  l o a d , p p e r  u n i t  l e n g t h ,  a t ' y  = 0
Load s e r i e s  p ( x )  = ~  N  1 — s i nTT Z I n
1 ,3
r» jri +* 4pa3 \  1 1 (1+niTy) n i T y . mrxDeflection w = ~ —   ^——  — e s m ------
k“d ' n"
P o in t  l o a d ,  P a t  y  ^ 0 ,  x  -  ?
,  , . -n/ \  2E \  . mr? . mrxLoad s e r i e s  P (x )  = —  > s m  — -  s m  ------
a /  i a  a
D e f l e c t i o n
00 -m ry
P a2 1 . mr? ( l+ m r y )e  a . mrxw . =   > —  s i n  - J -     s m  ------------
27T3 D Z _ j  n 3 a a a
1
The s o l u t i o n s  f o r  a s e m i - i n f i n i t e  p l a t e  h a v in g  a f r e e  e d g e  a t  
y  = 0  may b e  o b ta in e d  from  t h o s e  f o r  t h e  i n f i n i t e  p l a t e  b y  i n s e r t i o n  
o f  t h e  r e l e v a n t  b o u n d a ry  c o n d i t io n s  i n  th e  g e n e r a l  e q u a t io n  ( v i z  
z e r o  b e n d in g  moment and r e a c t i o n  a t  t h e  ed g e  y  = 0 ) .
R e tu r n in g  t o  th e  i n f i n i t e  p l a t e ,  c o n s id e r  su ch  a p l a t e  h a v in g  
o n e  s u p p o r t in g  g ir d e r  a t  y  = y^ and lo a d e d  w it h  a l i n e  lo a d  a t  
y  = y o ,  t h e  lo a d  b e in g
mrxpo = a s m  ------
on a
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Due to the loading on the p la te  i t  w i l l  d e f le c t  at the girder  
thus imposing a load on the g ird er .
t i lLet the n component o f  the load exerted  by tbe g ird er on tbe  
p la te  be lfyn * Because tbe system  i s  e l a s t i c  P^n i s  p rop ortion al to  
Pon
A . nirx . ilTrxi . e .  p- = -6p  . » a_ s m  . = - 0 a  s m  -— -*in ron In a on a
The response o f a g ird er o f simply supported span a to  a sinu­
so id a l load has been shown elsew here to  be ( in  terms o f load to  
cause u n it  d e f le c t io n )
__ (mr)1* . mrx
p  = E l  -— s m  --------rn a a
The actu a l d e f le c t io n  along the l in e  of tbe girder i s  composed 
o f a free  d e f le c t io n  o f the s lab  m odified so as to  r e s to re  co m p a tib ility  
of d e f le c t io n  between beam and s la b .
thThe fr e e  d e f le c t io n  o f tbe slab  at y^ due to  tbe n component
o f load at yo may be w ritten  as
s, cl 3<5 . ,on ,a  \ 3 . m ix1»0 “TFT" (— ) sin  -1 * u 4D mr a
where <5 ,^0 i s  a d e f le c t io n  in flu en ce  c o e f f ic ie n t .
The d e f le c t io n  at y due to  P^n at y , i s
a 3
c, - on , a  v °  .  mix
- 0  6 — j h  (— r) s m  --------
1 , 1  4D nrr a
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oi
6 - 0 6  on E l  nir s i n  mrx . = - 0  a  s i n
1 , 0  1 , 1 w  ~  —
from  w h ic h
0 =     ■   _
6 + 4 D a / _ T1 X mrEI
9
tlxand t h e  n  com ponent o f  t h e  g i r d e r  r e a c t i o n  i s
The total deflection is therefore
rttrx
p -  . =  a -  s m  --------r ln  In  a
■ 61JQ  - ---- niTXa s m
x  + 4Da / ___  on a3 i i  /niTEI
o r  6 + 4Da . = - a  s i n  mrx
a”11  — ==* a- on1 1  mrEI In
T h is  may b e  w r i t t e n
Tn a - . *  “ 1 1 0 aIn  on
w h ere  T  . = 6 + 4Da 6r s  r s  — r smrEI
w h ere  6 . = 0  ( r ^ s )r s
1 ( r = s )
I n t r o d u c in g  a p a r a m e te r  K = tt EI_
4 Da
r = 6 + 6
r s  r s  r s
nK
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nTTX
a
I t  rem ains to  d e te rm in e  th e  in f lu e n c e  c o e f f ic ie n t  w h ich  r e la t e s  th e  
d e f le c t io n  a t  y r  to  a s in u s o id a l  lo a d  a t  y s .
The n tb  component o f  th e  l i n e  lo a d  a t  y  = s is
m rxa s m  -------s ,n  a
The c o rre s p o n d in g  d e f le c t io n  s u r fa c e  is
04 3w -  - s_>n ,
n 4D m r'
[ n  H  e
-m ry
a s in m rx 1
L a a J
^ s ,n  / a J  5 (y n )  s in
4D mr
-n iry
w here  6 (y n ) = ( 1 +H 2 ) e
a
Ot 3 . ct Q
jj /  n s yn ,a  . m rx s .n  ,
rs  4D nir S ln  a “  4E ^“ y^ r  "  yS^
T h a t i s  th e  in f lu e n c e  c o e f f i c ie n t  is  d e te rm in e d  by e v a lu a t in g
-n iry
(1  + m ry )e  a f o r  th e  r e le v a n t  v a lu e  o f  y r  -  ys  
a
From th e  e q u a tio n  Trg  a gn = ~ r 1Q a on it :  i s  p o s s ib le  to
c a lc u la t e  a gn f o r  g iv e n  lo a d in g  aQn and p h y s ic a l p r o p e r t ie s  o f  
th e  g ir d e r  and s la b  system  T and T 10
C le a r ly  t h is  re a s o n in g  can be exten d ed  to  an i n f i n i t e  p la te  
su p p o rted  by an i n f i n i t e  number o f  beams and th e  r e s u l t s  c o r re c te d  
f o r  th e  p resen ce  o f  edges g iv in g  a p la te  o f  f i n i t e  s iz e .
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As an exam ple o f  th e  use o f  th e  method c o n s id e r a f i v e  g ir d e r  
b r id g e  deck h a v in g  a g ir d e r  s p a c in g  to  span r a t i o  (b /L )  o f  0 .0 6 3 6  
and a g ir d e r  s t i f f n e s s  to  p la t e  s t i f f n e s s  r a t i o  ( E l )  g i r d e r  /  ( E l )  s la b  
o f  1 .2 7 .  The r e le v a n t  n o n -d im e n s io n a l p a ram e te rs  a re
■L.
B = tt — “ it x  0 .0 6 3 6  . = 0 .2
v  = 1  ( E l )  g i r d e r  _ rr - 0 -  ■ _
4 ( E l )  s la b  4
The deck is  lo a d e d  by a s in g le  p o in t  lo a d  o ver g ir d e r  3 a t  th e  
q u a r te r  span p o in t  ( x  = - |)
We f i r s t  f in d  th e  b en d in g  moment c o e f f ic ie n t s  f o r  an i n f i n i t e  system  
i n  w h ich  tb e  p o in t  lo a d  is  on tb e  c e n tre  l i n e  o v e r g ir d e r  3 .
G I G2 G3 G4 G5
0 .0 2 2  0 .0 3 4 0 .0 6 0 0 .0 3 4 0 . 0 2 2
The c o r r e c t io n s  to  be a p p lie d  because o f an edge c o in c id e n t  w ith  G I £
0 .0 1 4  0 .0 1 0 0 . 0 0 2 0 .0 0 3 0 . 0 0 2
S i m i la r ly  f o r  an edge c o in c id e n t  w ith  G5
0 .0 0 2  0 .0 0 3 0 . 0 0 2 0 . 0 1 0 0 .0 1 4
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Summing
0.038 0.047 0.062 0.047 0.038
I t  is  now n ec es s ary  to  c o r r e c t  th e  l a s t  row because th e  lo a d  l i e s  n o t  
a t  th e  m id span b u t a t  th e  q u a r te r  span p o in t .  T h is  may be done by  
m u lt ip ly in g  th e  l a s t  row by a c o r r e c t io n  f a c to r  based on an 
e c c e n t r ic i t y  in d e x .
E c c e n t r ic i t y  in d e x
57 49 28 49 57
C o rre c t io n  f a c t o r
0.55 0.48 0.23 0.48 0.55
F in a l  m id span b en d in g  moment c o e f f ic ie n t s
0 .0 2 1  0 .0 22  0.014 0.022 0.021
A d i r e c t  com parison may be made betw een  t h is  m ethod, Newmarlc and
S ie s s 1 r e s u l t s  m en tio n ed  e a r l i e r  and H endry and Jae g e r f o r  th e
fo l lo w in g  b r id g e  p a ra m e te rs  :~
( E l )  o f  one beam _ n
( E l )  o f  s la b
beam s p a c in g  . = 0 . 1
beam span
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which leads to :-
Newmarlc R i t c h ie Hendry & J a e g e r
H = 20 K = 
b /L  = 0 !  B =
2 0 ( ir /4 )  = 1 5 .7  
O .l i t  «  0 .3 1 4
a = (1/20) 
; = 0 .6 1 6
(102) (12l P )
Newmark
o.ooi 0.060 0 .1 3 0 0 .0 6 0 0 . 0 0 1 WL
R it c h ie
I n f i n i t e  system
G I G2 G3 G4 G5
0 .0 1 8  0 .0 5 2 0 .1 2 5 0 .0 5 2 0 .0 1 8 WL
Edge c o r r e c t io n  GI
0 . 0 1 0  0 . 0 0 1 0 . 0 0 0 0 . 0 0 1 -0.010 WL
Edge c o r r e c t io n  G5
- 0 . 0 1 0  0 . 0 0 1 0.000 0.001 -0.010 WL
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Total
-  0 . 0 0 2 0 .0 5 4 0 .1 2 5 0 .0 5 4 - 0 . 0 0 2 WL
H endry & J a e g e r
- 0 . 0 1 2 0 .0 5 0 0 .1 7 5 0 .0 5 0 - 0 . 0 1 2 WL
I t  w i l l  be o bserved  t h a t  th e  H endry and J a e g e r c a lc u la t io n  d is t r ib u t e s  
r a t h e r  le s s  b en d in g  moment th a n  e i t h e r  o f  th e  o th e r  m ethods. A d i r e c t  
com parison  shou ld  be based  on th e  in c lu s io n  o f  th e  t o r s io n a l  s t i f f n e s s  
o f th e  d e c k , w h ich  is  a u to m a t ic a l ly  in c lu d e d  in  th e  f i r s t  two m ethods. 
C o n s id e ra t io n  o f  t o r s io n a l  s t i f f n e s s  may be made by u s in g  a m o d if ie d  
■ v a lu e  o f  a  to  in c lu d e  t h is  e f f e c t .
By in s p e c t io n  o f th e  cu rves  o f  d i s t r i b u t i o n  c o e f f i c i e n t s ,  i t  is
a p p a re n t t h a t  a w i l l  have to  be in c re a s e d  to  a p p ro x im a te ly  2 . 0  to
%
g iv e  r e s u l t s  c o rre s p o n d in g  to  th e  o th e r  two m ethods.
H endry  and J a e g e r do n o t g iv e  a means o f  c a lc u la t in g  a f o r  a 
t o r s io n a l ly  s t i f f  t ra n s v e rs e  medium f o r  th e  case u n d er c o n s id e r a t io n .  
H ow ever, i t  does n o t seem u n re a s o n a b le  to  m u lt ip ly  a by 3 .2 5  
( 2 .0 /0 .6 1 6 )  and to  re a d  fro m  f ig u r e  2 . 8 ( c ) .
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from which the bending moment distribution is
-0.0.07 0.0 70 0.1.25 0.070 -0.0Q7 WL
S e r ie s  s o lu t io n  due to  Akesson
The a v a i l a b i l i t y  o f  h ig h  speed e le c t r o n ic  co m p u ta tio n  f a c i l i t i e s  
has le d  to  th e  developm ent o f  a program  f o r  tb e  s o lu t io n  o f  t h i n ,  
l i n e a r l y  e l a s t i c  is o t r o p ic  r e c ta n g u la r  p la te s  o f  u n ifo rm  th ic k n e s s
w h ich  a re  s im p ly  s u p p o rted  a lo n g  two p a r a l l e l  edges x  -  o a  = a
b u t can be s im p ly  s u p p o rte d , clam ped o r  f r e e  a lo n g  y  = o y  = b .
The p la t e  may e x te n d  i n f i n i t e l y  in  e i t h e r  d i r e c t io n  a lo n g  th e  y  a x is  
and may be su p p o rted  by e l a s t i c  beams p a r a l l e l  to  tb e  x  a x is ,  o r by  
colum ns. The d e r iv a t io n  o f  tb e  method o f  s o lu t io n ,  Akesson (1 9 6 1 ) ,  
i s  s im i la r  in  concept to  tb e  t re a tm e n ts  o f  R i tc h ie  and Newmark a lre a d y  
d e s c r ib e d  in  t h a t  s e r ie s  r e p r e s e n ta t io n  o f  lo a d in g  is  ad o p ted . The 
lo a d  ty p e s  w h ich  may be used a re  shown in  f ig u r e  2 . 1 2 .
The program  (C aspersson  and T a g n fo rs  1968) d e a ls  w ith  th e
p ro b lem  in  th r e e  phases
(a )  an i n f i n i t e  p la t e  s t r i p  is  a n a ly se d  f o r  tb e  g iv e n  lo a d s .
The r e s u l t  o f  t h is  a n a ly s is  is  a p a r t i c u la r  i n t e g r a l .
(b ) tb e  a c tu a l  p la t e  (n o rm a lly  o f  f i n i t e  le n g th )  has c e r t a in  
boundary l i n e  lo ad s  ( l i n e a r l y  d is t r ib u t e d  b en d in g  moments 
and r e a c t io n s )  w h ich  s a t is f y  th e  boundary c o n d it io n s .
These boundary  l i n e  lo a d s  a re  computed and in p u t  as loads
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F i g u r e  2 . 1 2  L o a d  t y p e s  a v a i l a b l e  f o r  L e v y  t y p e  
s o l u t i o n  d u e  t o  A k e s s o n
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on th e  i n f i n i t e  p la t e  th e  r e s u l t  b e in g  a com plem entary  
fu n c t io n
(c )  th e  f i n a l  s o lu t io n  is  th e  sum o f  th e  p a r t i c u l a r  in t e g r a l  
and com plem entary fu n c t io n .
The com plem entary fu n c t io n  w i l l  a ls o  c o n ta in , w here  n e c e s s a ry ,  
c o n d it io n s  o f  c o m p a t ib i l i t y ,  c o n s is te n t  w i t h  beam o r colum n s u p p o rts .
The com puter p rogram  c a lc u la te s  d e f le c t io n  w , ‘ '3w _3w , b en d in g
3x 3y
moments M and M , t w is t in g  moment Mxy, p r in c ip a l  moments M and M 
x  y  1 2
and th e  a n g le  betw een  M and th e  x  a x is .
1
2 .7  D is c u s s io n
The v a r io u s  a n a ly t i c a l  approaches d e s c r ib e d  may be d iv id e d  f o r  
p r a c t i c a l  purposes in t o  th o se  s u i ta b le  f o r  hand c o m p u ta tio n  and th o s e  
o f  use o n ly  when an e le c t r o n ic  com puter i s  a v a i la b le .
Of th e  hand m ethods, th e  one m ost i n t e l l e c t u a l l y  s a t is f y in g  is  
t h a t  due to  R i t c h ie ,  because i t s  acc u rac y  is  l im i t e d  o n ly  by  th e  
number o f  term s o f  th e  h arm o n ic  s e r ie s  used to  o b ta in  s o lu t io n s  and 
because i t  ta k e s  account- o f  b o th  beam and p la t e  d e fo rm a tio n  i n  accord  
w it h  t h e i r  p h y s ic a l  a c t io n .  The p r e s e n ta t io n  o f  r e s u l t s  i n  th e  fo rm  
o f  g r a p h ic a l c o e f f i c ie n t s ,  r e q u ir in g  o n ly  two p a ra m e te rs  i s  a ls o  
a t t r a c t i v e .
9 6
D e s p ite  th ese  advantages  R i t c h ie ’ s method appears  to  have  
a t t r a c t e d  l i t t l e  a t t e n t io n .  I n  f a c t  d is t r i b u t io n  te c h n iq u e s  o f  any 
k in d  f o r  s t e e l  b ea m -co n cre te  s la b  b r id g e s  have n o t g e n e r a l ly  been  
p o p u la r . A l l  th e  o th e r  band methods d e s c r ib e d  have some d is a d v a n ta g e s  
i n  p r a c t ic e .
When a com puter is  a v a i la b le  th e  program  d eve lo p ed  by C aspersson  
and T ag n fo rs  appears to  be w e l l  s u ite d  to  b r id g e  deck a n a ly s is .  We 
m ig h t conc lude  by r e i t e r a t i n g  t h a t  none o f  th e  methods has th e  
c a p a b i l i t y  o f  a l lo w in g  com posite  a c t io n  betw een beam and s la b ,  a lth o u g h  
a l l  g iv e  re a s o n a b le  r e s u l t s  f o r  com posite  a c t io n  i f  th e  s t e e l  beam 
s t i f f n e s s  is  c a lc u la te d  ta k in g  account o f  i t s  in t e r a c t io n  w ith  a  
s u i ta b le  s la b  w id th .
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3Orthotropic plate solutions
3.1 A te c h n iq u e  f o r  s im p l i f y in g  th e  a n a ly s is  o f  system s
c o n s is t in g  o f  a c o m b in a tio n  o f  a p la t e  e lem e n t and s t i f f e n i n g  r ib s  
is  to  "sm ear" th e  r i b  p r o p e r t ie s  o ve r th e  p la t e  s u r fa c e  to  g iv e  an 
e q u iv a le n t  p la t e  con tin u u m . I t  w i l l  be a p p a re n t t h a t  th e  r e s u l t in g
on th e  p la t e  a x is  b e in g  c o n s id e re d  and w h ic h  a r e , i n  g e n e r a l ,  n o t  
e q u a l. Such a p la t e  is  c a l le d  a n is o t r o p ic .  Where th e  r i b  sys tem s, 
as is  u s u a l ly  th e  c a s e , in t e r s e c t  a t  a r ig h t  a n g le , th e  a n is o tro p y  
is  c o n fin e d  to  two m u tu a lly  p e r p e n d ic u la r  axes and th e  p la t e  is  th e n  
o r th o g o n a lly  a n is o t r o p ic  o r o r t h o t r o p ic .
3 .2  By a method s im i la r  to  t h a t  adoped in  s e c t io n  1 .2  i t  is
p o s s ib le  to  d e r iv e  fro m  c o n s id e r a t io n  o f  e q u i l ib r iu m  and c o m p a t ib i l i t y  
an e q u a tio n  f o r  an o r th o t r o p ic  p la t e  analogous to  t h a t  f o r  an 
i s o t r o p ic  p la t e
e q u iv a le n t  p la t e  has p h y s ic a l p r o p e r t ie s  th e  v a lu e s  o f  w h ich  depend
3.1
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D , D a re  f l e x u r a l  r i g i d i t i e s  r e la t e d  to  x  and y  axes  x  y
v , V a re  P o is s o n ’ s r a t i o  r e la t e d  to  x  and y  axes  2* y
D is  th e  t o r s io n a l  r i g i d i t y  o f  th e  p la t e  xy
g iv e n  by
in which
D
E t 3 x  .
x  1 2 ( l - \ )  v )x  y '
D
E t 3
y
y 1 2 (1 - v v )
j  x  y '
D
G t  xy
xy  12
By s u b s t i tu t in g
2 H . = D v + D v + 4Dx  y  y  x  xy
e q u a tio n  3 .1  may be w r i t t e n  in  H u b e r 's  form
D ^  + 2H + D J L  = P (x  ?y) 3 .2
3x  ^ 3x 3y2 y 3y^
w h ich  can be seen to  red u ce  to  tb e  is o t r o p ic  form  i f  D ' = D = H . .
x  y
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W h ile  s o lu t io n s  f o r  th e  g o v e rn in g  e q u a tio n  3 .2  can be p ro v id e d  
by methods s im i la r  to  th o s e  adopted  f o r  is o t r o p ic  p la t e s ,  th e r e  a re  
p r a c t i c a l  d i f f i c u l t i e s  i n  p u t t in g  a v a lu e  to  shear modulus GXy* i t  
i s  p o s s ib le  to  o b ta in  a v a lu e  by e x p e rim e n t b u t th e  fo l lo w in g  a n a ly s is  
g iv e s  a u s e fu l f i r s t  a p p ro x im a tio n  by an a lo g y  w ith  an is o t r o p ic  p l a t e .
F o r an is o t r o p ic  p la t e
vr - e t 3 32wM ~
xy * 6 3x3y
G - E2 ( 1  + v )
D = E t 3 . G = D. 1.2(1 -  v 2 )
-  +3 2 <1 + v)1 2 ( 1  -  v 2 )
Com bining th e s e  r e s u l t s
M ,' = -  (1  -  v )  Dxy  3x3y
I t  appears  re a s o n a b le  i n  th e  case o f  th e  o r th o t r o p ic  p la t e  to  
make use o f  mean v a lu e s  o f  th e  f l e x u r a l  r i g i d i t i e s  and P o is s o n ’ s r a t i o  
when d e te rm in in g  t o r s io n a l  e f f e c t s .
W r i t in g
D = / F d
x  y
v = / v vx y
100
and substituting
Mxy -  (1 ■ f x V  ^
w it h  th e  r e la t io n s h ip  v E = v E.y  x  x  y
w h ic h  le a d s  to  D V . = D V x  y  y  x
i t  can be shown t h a t  th e  e f f e c t i v e  t o r s io n a l  r i g i d i t y
fPinPMm. In  r e a l  b r id g e  decks w ith  d is c r e te  s t i f f e n e r s ,  p o s s ib ly  o n ly  
in  one d i r e c t io n ,  h a v in g  a c lo s e d  s e c t io n  o f  v e r y  h ig h  t o r s io n a l  
r i g i d i t y ,  o r on th e  o th e r  hand an open s e c t io n  o f  n e g l i g ib le  t o r s io n a l  
r i g i d i t y  i t  i s  to  be e xp ec ted  t h a t  th e r e  w i l l  be d e p a r tu re s  fro m  th e  
id e a l  c o n d it io n .  The d i f f e r e n c e  can be exp ressed  b y  a c o e f f i c ie n t  
o f  r i g i d i t y ,  x such th a t
number o f  methods o f  deck a n a ly s is  o f  w h ich  perhap s  th e  m ost w id e ly  
known is  t h a t  due to  Guyon and M assonnet o f te n  c a l le d  th e  "m ethod o f  
d is t r i b u t io n  c o e f f ic ie n t s "  (B ares  and M assonnet 1 9 6 8 ) .
( 0  < x < 1 )
3 .3 The o r th o t r o p ic  p la t e  s im u la t io n  has been em ployed in  a
T h e  b a s i s  o f  t b e  G u y o n -M a s s o n n e t m e th o d  i s  an  o r t h o t r o p i c  
p l a t e  s u b s t i t u t i o n  f o r  t b e  a c t u a l  s t r u c t u r e ,  t b e  p r o p e r t i e s  o f  tb e  
o r t h o t r o p i c  p l a t e  b e in g  g iv e n  b y  a v e r a g in g  t b e  f l e x u r a l  a n d  t o r s i o n a l  
s t i f f n e s s e s  o f  t b e  a c t u a l  s t r u c t u r e .
T h e  b e h a v io u r  o f  t h e  s u b s t i t u t e  p l a t e  i s  d e f i n e d  t b e  tw o
p a r a m e t e r s  % a n d  a  (G u y o n -M a s s o n n e t  n o t a t i o n )  w h e re
( a )  t b e  f l e x u r a l  s t i f f n e s s  p a r a m e t e r  v  i s  t h e  r a t i o  o f
l o n g i t u d i n a l  t o  t r a n s v e r s e  b e n d in g  s t i f f n e s s  i n  t b e  fo r m
" 1 
% «s w i d t h / 2  . F l e x u r a l  s t i f f n e s s  p e r  u n i t  w id t h  v
p l a t e  s p a n  F l e x u r a l  s t i f f n e s s  p e r  u n i t  l e n g t h
( b )  t h e  t o r s i o n a l  s t i f f n e s s  p a r a m e t e r  a  i s  g iv e n  b y
_  sum o f  t r a n s v e r s e  & l o n g i t u d i n a l  t o r s i o n a l  s t i f f n e s s e s
p e r  u n i t  : l e n g t h ...........................................................................................................................
p r o d u c t  o f  t r a n s v e r s e  an d  l o n g i t u d i n a l  f l e x u r a l  s t i f f n e s s e s
A d o p t in g  t h e  n o t a t i o n  u s e d  e a r l i e r ,  f o r  an  o r t b o t r o p i c  p l a t e  o f  
w id t h  b  a n d  s p a n  a ,  i t  w i l l  b e  s e e n  t h a t
y
T h e s e  tw o  p a r a m e t e r s  d e f i n e  t b e  p l a t e  a c t i o n  u n i q u e ly .
C o n s id e r  a  p l a t e  c a r r y i n g  a  s i n u s o i d a l l y  d i s t r i b u t e d  l i n e  lo a d  a t  
a n  e c c e n t r i c i t y  e  f r o m  t h e  p l a t e  c e n t r e  l i n e  ( f i g u r e  3 ! )
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T h e  c o r r e s p o n d i n g  d e f l e c t i o n  i s
W , v . =  W , .  s i n  ~
( x * y )  ( y )  a
I f  t h e  lo a d  c o v e r s  t h e  w h o le  p l a t e  t h e n  i t s  i n t e n s i t y  i s
, N *irx
p  ( x )  . =  p  s m  +>—r o v r o a
w h e re  p =  P i
"F
a n d  t h e  r e s u l t i n g  ( c y l i n d r i c a l )  d e f l e c t i o n  i s
W ( x )  =  W s i n  ~
o '  o a
T h e  r a t i o  o f  t h e  d e f l e c t i o n s  k  =  ^ i s
WQ ( x )
kn o w n  as  t h e  " p r i n c i p a l  c o e f f i c i e n t  o f  l a t e r a l  d i s t r i b u t i o n "  a n d  
d e p e n d s  o n  t h e  f o l l o w i n g  d im e n s io n le s s  f a c t o r s
( a )  t h e  p h y s i c a l  c h a r a c t e r i s t i c s  §  a n d  a
( h )  t h e  r e l a t i v e  e c c e n t r i c i t y  e / b
( c )  t h e  r e l a t i v e  o r d i n a t e  o f  t h e  p o i n t  b e in g  c o n s id e r e d  y / b
C a l c u l a t e d  v a l u e s  o f  t h e  p r i n c i p a l  c o e f f i c i e n t  o f  l a t e r a l
d i s t r i b u t i o n  r e l a t e d  t o  $  a n d  a , t h e  d im e n s io n le s s  f a c t o r s , a r e  a v a i l a b l e
f o r  t o r s i o n a l  s t i f f n e s s  p a r a m e t e r s  a  =  o ( K 0 )  and  a  =  1 (K  ^) . A
t y p i c a l  s e t  o f  v a l u e s  a r e  g iv e n  i n  t a b l e  3 . 1  W h e re  t h e  v a l u e  o f  a  l i e s
b e tw e e n  0  a n d  1 t h e  v a l u e  o f  K  c a n  b e  c a l c u l a t e d  f r o m  t h e  r e l a t i o n s h i p
K  =  K  +  (K -  K  ) (ot) ^a o o
B e c a u s e  o f  t h e  p r o p o r t i o n a l  r e l a t i o n s h i p  b e tw e e n  b e n d in g  m om ents
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0
a n d  d e f l e c t i o n s  c a u s e d  b y  s i n u s o i d a l  lo a d i n g  t b e  c o e f f i c i e n t  o f  l a t e r a l  
d i s t r i b u t i o n  c a n  b e  u s e d  t o  d e t e r m in e  t b e  b e n d in g  m om ent a t  a n y  p o i n t  
c a u s e d  b y  a  lo a d  a p p l i e d  a t  a  g iv e n  e c c e n t r i c i t y  f r o m  t b e  c e n t r e  l i n e  
o f  t h e  p l a t e .  I n  p r a c t i c e  t h e  lo a d i n g  w i l l  n o t  b e  s i n u s o i d a l  b u t  
t h i s  c a n  b e  a l lo w e d  f o r  i f  n e c e s s a r y  b y  t a k i n g  f u r t h e r  te r m s  o f  a  
F o u r i e r  s e r i e s  r e p r e s e n t a t i o n  o f  t b e  l o a d i n g  ( t b e  t a b u l a t e d  v a lu e s  
o f  K  r e l a t e  t o  t b e  f i r s t  h a r m o n ic  o n l y ) .
As a  s im p le  e x a m p le  c o n s id e r  a  f i v e  b eam  c o m p o s ite  b r i d g e  
lo a d e d  b y  a  s i n g l e  p o i n t  lo a d  W o n  t h e . c e n t r e  l i n e  a t  m id  s p a n . T b e  
r a t i o  o f  l o n g i t u d i n a l  t o  t r a n s v e r s e  f l e x u r a l  r i g i d i t y  i s  2 0  a n d  t b e  
b e a m  s p a n  t o  b eam  s p a c in g  i s  1 0 .
T h e n  % =  0 . 5  V 3 7 5  . =  1 . 1 0
2 x  1 . 0
a  m ay b e  t a k e n  a s . z e r o .
, V a lu e s  o f  K  t a k e n  f r o m  t h e  t a b l e s  a r e
e = 0
y o b / 4 b / 4 3 b / 8 b / 2 Z
K o + 2 ,5 6 2 1 + 1 .9 5 1 8 + 0 .9 5 3 1 + 0 .0 8 8 0 - 0 . 6 6 5 2 . 4 .8 8 9 8
K g
Z K o
+ 0 .5 2 3 + 0 .3 9 8 + 0 .1 9 6 + 0 .0 1 8 - 0 . 1 3 5 1 . 0 0
c. I
T h e  m e an  m axim um  b e n d in g  m o m ent i s  0 . 2 5  W L. T h e  a c t u a l  b e n d in g  m o m ents  
i n  e a c h  b eam  m ay .b e  fo u n d  b y  p l o t t i n g  t b e  d i s t r i b u t i o n  o f  K  /  Z K  a n dn n
1 0 6
i n t e r p o l a t i n g  a t  t h e  b e a m  p o s i t i o n s
3 . 4  Two i n t e r e s t i n g  a p p l i c a t i o n s  o f  i n f l u e n c e  s u r f a c e s  a r e
w o r t h y  o f  n o t e .  T h e  f i r s t  t r a n s f o r m s  an  o r t h o t r o p i c  p l a t e  p r o b le m  
i n t o  a n  i s o t r o p i c  e q u i v a l e n t .
C o n s id e r  a n  o r t h o t r o p i c  p l a t e  s t r i p  c a r r y i n g  a  l o a d  a t  x f ,  y f .  
T h e  g o v e r n in g  e q u a t i o n  i s
q^ w „ 34w 34wD A LL- + 211 — — —  + D  -  = p
x  3 x ’4 3 x ' 23y '2 y  3 y |If
T h e  lo a d  c o o r d in a t e s  a r e  c h a n g e d  t o  x ,  y  w h e re  
x  =  x ’
(D
t / x
y = y v4/D
y
S u b s t i t u t i n g  t h e s e  i n t o  t h e  g o v e r n in g  e q u a t io n
D —  + 2H '3N  + D —  = p
3 x 4 y  Bx2 0 y 2 X  3 y 4
T h is  e q u a t i o n  r e p r e s e n t s  a n  i s o t r o p i c  p l a t e  o f  t o r s i o n a l  r i g i d i t y
& ) ■2H - B
y
T h e  c o e f f i c i e n t  o f  r i g i d i t y  f o r  t h e  o r i g i n a l  o r t h o t r o p i c  p l a t e
• Hx =
/ d d .
x  y
1 0 7
F o r  t h e  t r a n s f o r m e d  i s o t r o p i c  p l a t e  i t  i s
T h u s  t h e  t r a n s f o r m a t i o n  h a s  n o t  a l t e r e d  e i t h e r  t h e  c o e f f i c i e n t  
o f  r i g i d i t y  o r  t h e  b e n d in g  s t i f f n e s s  D .X
T h e  a c t u a l  b e n d in g  m o m e n ts , m *x  a n d  m ’ ^  c a n  b e  fo u n d  f r o m  
t h o s e  o f  t h e  e q u i v a l e n t  i s o t r o p i c  p l a t e  an d  m b y  t b e  r e l a t i o n s h i p s
V a lu e s  o f  m^ a n d  m^ a r e  g iv e n  i n  f i g s .  3 . 2  a n d  3 . 3 . f o r  v a lu e s  
o f  h =  0  a n d  m =  0 . 3 .
T h e .s e c o n d ,  d u e  t o  K ru g  a n d  S t e i n ,  ( 1 9 6 1 )  i n v o l v e s  t h e  e v a l u a t i o n  
o f  i n f l u e n c e  s u r f a c e s  f o r  o r t b o t r o p i c  p l a t e s .  T h e s e  a r e  p r e s e n t e d  t o  
c o v e r  f r e e ,  s im p ly  s u p p o r t e d  a n d  f i x e d  e d g e s  a n d  c a t e r  f o r  a  w id e  
r a n g e  o f  a s p e c t  r a t i o s  an d  r e l a t i v e  s t i f f n e s s .
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3 . 5 D i s c u s s i o n
T h e  o r t h o t r o p i c  p l a t e  s i m u l a t i o n  h a s  b e e n  w i d e l y  u s e d  b y  . 
p r a c t i s i n g  e n g in e e r s ,  p a r t i c u l a r l y  f o r  c o n c r e t e  b r i d g e  d e s i g n .  T h e  
s m a l l  n u m b e r o f  d im e n s io n le s s  v a r i a b l e s  r e q u i r e d  a n d  t h e  r e a d y  
a v a i l a b i l i t y  o f  t a b u l a r  d a t a  h a s  p r o v e d  a n  a t t r a c t i v e  f e a t u r e  o f  
t h e  m e th o d . W h e re  g r e a t e r  a c c u r a c y  i s  r e q u i r e d ,  t h e r e  i s  no  
d i f f i c u l t y  i n  e x t e n d in g  t h e  b a s i c  t h e o r y  t o  t a k e  a c c o u n t  o f ,  f o r  
e x a m p le ,  t h e  u s e  o f  m o re  t h a n  o n e  h a r m o n ic  c o m p o n e n t i n  t h e  F o u r i e r  
s e r i e s  f o r  l o a d i n g .
I t  m u s t b e  n o t e d  t h a t  t h e  m e th o d  o f  d i s t r i b u t i o n  c o e f f i c i e n t s  
d o e s  n o t ,  i n  i t s  s im p le  f o r m ,  a d e q u a t e ly  r e p r e s e n t  t h e  a c t i o n  o f  
b eam s c o m p o s ite  w i t h  a  d e c k  s l a b .  T h is  r e s t r i c t i o n  i s  common t o  
m o s t m e th o d s  o f  a n a l y s i s ,  o c c u r r i n g  b e c a u s e  o f  t h e  e x t r e m e l y  c o m p le x  
e q u a t io n s  w h ic h  r e s u l t  i f  i n - p l a n e  f o r c e s  a r e  a ls o  t o  b e  c o n s id e r e d .  
B a r e s  an d  M a s s o n n e t  ( 1 9 6 8 )  d is c u s s  t h e  p r o b le m  a t  some l e n g t h .
1 1 3
C o m p u te r -b a s e d  t e c h n iq u e s
c a n  b e  m o re  r e a d i l y  h a n d le d  i s  a  m e th o d  o f  s t r u c t u r a l  a n a l y s i s  w h ic h ,  
u n t i l  t h e  a d v e n t  o f  t h e  c o m p u te r  h a d  v e r y  l i t t l e  t o  commend i t .  
H o w e v e r ,  t h e r e  a r e  now  a v a i l a b l e  p ro g ra m s  w h ic h  p r o v i d e ,  w i t h  
c o m p a r a t iv e  e c o n o m y , m e th o d s  o f  d e a l i n g  w i t h  t h e s e !  l a r g e  s e t s  o f  
e q u a t i o n s .
B e f o r e  c o n s i d e r i n g  tw o  o f  t h e s e  m e th o d s  i n . d e t a i l  i t  i s  w e l l  
t o  re m e m b e r t h a t  t h e r e  a r e  d is a d v a n t a g e s  t o  c o m p u te r -b a s e d  t e c h n iq u e s  
w h ic h  n e e d  a t t e n t i o n  i n  p r a c t i c a l  a p p l i c a t i o n .  F i r s t ,  c o m p u te rs  a r e  
n o t  a lw a y s  i n s t a n t l y  a v a i l a b l e  t o  d e s ig n  o f f i c e s .  S e c o n d , t h e  
p r o d u c t i o n  o f  a c c u r a t e  r e s u l t s  u s in g  t e c h n iq u e s  w h ic h  r e q u i r e  d i v i s i o n  
o f  a  c o n t in u u m  o f t e n  a l s o  r e q u i r e s  r e l a t i v e l y  l a r g e  n u m b e rs  o f  
e le m e n t s .  T h e  d a t a - p r e p a r a t i o n  t im e  a n d  c o m p u te r  s t o r a g e  f a c i l i t i e s  
d em a n d e d  b y  v e r y  l a r g e  a m o u n ts  o f  d a t a  m ay b e  e x c e s s iv e ;  in d e e d  
s t a n d a r d  p ro g ra m s  h a v e  d e f i n i t e  l i m i t s  o n  t h e  n u m b e r o f  e le m e n ts  
w h ic h  m ay b e  u s e d .
4
4 . 1  T h e  d i v i s i o n  o f  a  c o n t i n u u m  i n t o  a  n u m b e r  o f  e l e m e n t s  w h i c h
1 1 4
4 . 2 G r i d  i d e a l i s a t i o n
T h e  f i r s t  t e c h n iq u e  t o  b e  d e s c r i b e d ,  i n  w h ic h  t h e  c o n t in u u m  i s  
s i m u l a t e d  b y  a  n e t w o r k  o f  b eam s i d e a l i s e d  as  l i n e  e le m e n t s  j o i n i n g  
n o d e s ,  w i l l  b e  c a l l e d  a  g r i d  i d e a l i s a t i o n .  T h e  p h y s i c a l  p r o p e r t i e s  
o f  a n y  o n e  o f  t h e s e  beam s i s  a  c o n d e n s a t io n  o f  t h e  p r o p e r t i e s  o f  t h e  
c o n t in u u m  i n  t h e  im m e d ia te  a r e a  o f  t h e  b e a m . F o r  e a c h  n o d a l  i n t e r ­
c o n n e c t io n  b e tw e e n  b eam s e q u a t io n s  c o n n e c t in g  n o d a l  f o r c e s  an d  
d is p la c e m e n t s  m ay b e  w r i t t e n  w h ic h  c a n  b e  s o lv e d  b y  t h e  c o m p u te r .
T h e  c o m p u t a t io n a l  p ro b le m s  a s s o c ia t e d  w i t h  t h e  a n a l y s i s  o f  s k e l e t a l  
f r a m e w o r k s  h a v e  r e c e i v e d  a  g r e a t  d e a l  o f  a t t e n t i o n  a n d  a s  a  r e s u l t  
p ro g r a m s  a r e  a v a i l a b l e  w h ic h  c a n  d e a l  e f f i c i e n t l y  w i t h  c o m p le x  
s t r u c t u r e s ,  r i g i d l y  o r  e l a s t i c a l l y  s u p p o r t e d  an d  s u b je c t e d  t o  a  
v a r i e t y  o f  l o a d i n g s .
T h e  p r o g r a m  u s e d  i n  t h i s  i n v e s t i g a t i o n  i s  o n e  r e a d i l y  a v a i l a b l e  
f r o m  I n t e r n a t i o n a l  C o m p u te rs  L i m i t e d ,  b a s e d  o n  t h e  s t i f f n e s s  m e th o d  
o f  a n a l y s i s .  As a n  e x a m p le  o f  t h e  l i m i t a t i o n s  o f  p ro g r a m s  o f  t h i s  
k i n d  i t  m ay b e  n o t e d  t h a t  i t  c a n n o t  d e a l  w i t h  m o re  t h a n  : -
2 5 0  j o i n t s  
3 0 0  m em b ers
1 0 0  r e s t r a i n t s ( i . e .  s u p p o r t s  g e n e r a l l y )
1 0 0  s p r i n g  s u p p o r t s  
1 0 0  l o a d s .
I n  p r a c t i c e  t h e  s i z e  r e s t r i c t i o n s  l i s t e d  m ay w e l l  p r o v e  
e m b a r r a s s in g  w h e n  s m a l l  a r e a s  o f  s t r u c t u r e  a d ja c e n t  t o  c o n c e n t r a t e d
lo a d s  a r e  b e in g  i n v e s t i g a t e d .  A  u s e f u l  e x p e d ie n t  i n  s u c b  c a s e s  i s  t o  
f i n d  t b e  f o r c e  a c t io n s  a t  t b e  p e r i m e t e r  o f  s u c b  a  s m a l l  a r e a  u s in g  a  
c o a r s e  g r i d  o v e r  t b e  w b o le  s t r u c t u r e  an d  t b e n  t o  i n p u t  t b e  f o r c e  
a c t io n s  as  lo a d s  i n t o  a  s e c o n d  c o m p u te r  r u n  t o  f i n d  t h e  e f f e c t s  o n  t b e  
s m a l l  a r e a  u s in g  a  f i n e  g r i d .  (Som e m o re  m o d e rn  p ro g r a m s  do  n o t  
s u f f e r  f r o m  s u c b  l i m i t a t i o n s  i n  t b e  p r o g r a m  an d  a r e  l i m i t e d  i n  s c o p e  
b y  c o m p u te r  s i z e  o n l y ) .
S i m u l a t i o n  o f  a  r e a l  c o n t in u u m  b y  a  g r i d  o f  i d e a l i s e d  beam s o f  
n e g l i g i b l e  w i d t h  c a l l s  f o r  c a r e f u l  c o n s i d e r a t i o n  o f  t h e  a l l o c a t i o n  
o f  t h e  p h y s i c a l  p r o p e r t i e s  ( a r e a ,  s e c o n d  m om ent o f  a r e a  e t c )  o f  t b e  
c o n t in u u m  t o  t h e  g r i d .  I n  a  c o m p o s ite  b r i d g e  d e c k  f o r  e x a m p le ,  t h e  
l o n g i t u d i n a l  s t e e l  beam s h a v e  in c r e a s e d  s t i f f n e s s  b e c a u s e  o f  t h e i r  
i n t e r c o n n e c t i o n  w i t h  t h e  c o n c r e t e  s l a b .  B u t  s im p ly  t o  i d e a l i s e  t h e  
b eam  s t i f f n e s s  as t h a t  p e r t i n e n t  t o  a  s t e e l  b eam  a n d  t h e  f u l l  w i d t h  o f  
s l a b  a c t i n g  w i t h  i t  i g n o r e s  t h e  p r o b le m  o f  t h e  n o n  u n i f o r m  a c t i o n  o f  
s u c h  a  w id e  f l a n g e  b eam  -  t b e  so  c a l l e d  " e f f e c t i v e  w i d t h "  o r  " s h e a r  l a g "  
p r o b le m .  T h e r e  a r e  b o u n d  a l s o  t o . b e  d i f f i c u l t i e s  i n  a s s e s s in g  b e n d in g  
a n d  t o r s i o n a l  s t i f f n e s s e s  o f  t b e  r e i n f o r c e d  c o n c r e t e  s l a b .
4 . 3  F i n i t e  e le m e n t  i d e a l i s a t i o n
T h e  d i v i s i o n  o f  a  c o n t in u u m  i n t o  s m a l l e r  e le m e n t s  h a v in g  a  f i n i t e  
a r e a  i s  a . t e c h n i q u e  i n  s t r u c t u r a l  a n a l y s i s  w h ic h  h a s  p r o v e d  t o  b e  v e r y  
p o w e r f u l .  ( I t  s h o u ld  b e  n o t e d  t h a t  t b e  b eam s o f  g r i d  i d e a l i s a t i o n s  
a r e  a  d e g e n e r a t e  t y p e  o f  f i n i t e  e l e m e n t ,  h a v in g  z e r o  a r e a ) .  T h e  f i n i t e  
e le m e n t  m e th o d  s i m u la t e s  a  r e a l  p l a t e ,  f o r  e x a m p le  b y  d i v i s i o n  i n t o  a
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n u m b e r o f  s m a l l e r  e le m e n t s  h a v in g  e d g e s  an d  n o d e s  i n  .common. 
C o n s i d e r a t i o n  o f  t h e  d is p la c e m e n t  o f  t h e  n o d e s  u n d e r  l o a d i n g  an d  t h e  
r e q u i r e m e n t  t h a t  t h e r e  m u s t b e  e q u i l i b r i u m  o f  f o r c e s  an d  c o m p a t i b i l i t y  
o f  d is p la c e m e n t  a t  e a c h  a n d  e v e r y  n o d e  le a d s  t o  a  s y s te m  o f  
s im u l t a n e o u s  e q u a t io n s  d e r i v e d  f r o m  m i n i m i s a t i o n  o f  t h e  t o t a l  p o t e n t i a l  
o f  t h e  s y s te m .
A  n u m b e r o f  c o m p l ic a t io n s  a r i s e  i n  t h e  p r a c t i c a l  a p p l i c a t i o n  o f  
t h e  t e c h n iq u e  d e s c r ib e d  i n  t h e  l a s t  p a r a g r a p h .  W h i le  i t  i s  p o s s i b l e  
t o  s a t i s f y  c o m p a t i b i l i t y  o f  n o d a l  d is p la c e m e n t  i t  i s . n o t  a lw a y s  t h e  
c n s e  t h a t  t h e r e  i s  e i t h e r  e q u i l i b r i u m  o f  s t r e s s e s  o r  c o m p a t i b i l i t y  o f  
d is p la c e m e n t  a lo n g  e le m e n t  b o u n d a r ie s .  R e d u c t io n  i n  e le m e n t  s i z e  m ay  
r e d u c e  t h e  d i s c o n t i n u i t y  a t  t h e s e  b o u n d a r ie s  a l t h o u g h  t h i s  i s  n o t  
a lw a y s  s o .  And r e d u c t i o n  i n  e le m e n t  s i z e  w i t h  c o n s e q u e n t  i n c r e a s e  i n  
t h e  n u m b e r o f  e le m e n ts  le a d s  t o  a  g r e a t e r  b u r d e n  i n  d a t a  p r e p a r a t i o n ,  
a n d  a  r e q u i r e m e n t  f o r  l a r g e r  c o m p u te r  s t o r a g e  a n d  o p e r a t i n g  t i m e .  
N e v e r t h e l e s s ,  t h e  m e th o d  h a s  b e e n  p r o v e d  b y  c o m p a r is o n  w i t h  a  n u m b e r  
o f  " a c c u r a t e ”  s o l u t i o n s  t o  g iv e  r e s u l t s  w h ic h  c o n v e rg e  t o  t h e  c o r r e c t  
a n s w e r  a s  t h e  m esh  s i z e  i s  p r o g r e s s i v e l y  r e d u c e d .
T o  s u m m a r is e  t h e  p r o c e s s  o f  f i n i t e  e le m e n t  a n a l y s i s  a p p l i e d  t o  a  
t h i n  p l a t e  s -
( a )  T h e  c o n t in u u m  i s  d i v i d e d  i n t o  a  n u m b e r o f  e le m e n t s
( b )  T h e  d is p la c e m e n t  a t  a n y  p o i n t  i n  an  e le m e n t  i s  d e f i n e d  i n
te r m s  o f  n o d a l  d is p la c e m e n t s  an d  t h e  e le m e n t  g e o m e tr y
( c )  T h e  s t r a i n s  i n  a n  e le m e n t  s u b je c t  t o  b e n d in g  a r e  f u n c t i o n s
o f  t h e  p l a t e  c u r v a t u r e .
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( d )  T h e  s t r e s s  r e s u l t a n t s  i n  an  e le m e n t  a r e  g iv e n  b y  t h e  \
\
e q u a t io n s  o f  p l a t e  b e n d in g  \
i
( e )  T h e  s t r a i n  e n e r g y  o f  a n .e le m e n t  may b e  fo u n d  f r o m  t h e
p r o d u c t  o f  a c t u a l  s t r e s s  an d  t h e  v i r t u a l  s t r a i n  r e s u l t i n g  
f r o m  v i r t u a l  u n i t  n o d a l  d is p la c e m e n t  j
( f )  S u m m a tio n  o f  t h e  e l e m e n t a l  s t r a i n  e n e r g ie s  g iv e s  t h e  t o t a l
s t r a i n  e n e r g y  o f  t h e  p l a t e  \
( g )  T h e  t o t a l  p o t e n t i a l  e n e r g y  o f  t h e  l o a d i n g  i s  fo u n d  as  tne^  
sum o f  t h e  p r o d u c t  o f  t h e  n o d a l  f o r c e s  an d  t h e  c o r r e s p o n d in g  
u n k n o w n  n o d a l  d is p la c e m e n t s .  L o a d s  w h ic h  a r e  n o t  i n  f a c t  
a p p l i e d  t o  n o d e s  m u s t  f i r s t  b e  s t a t i c a l l y  d i s t r i b u t e d  t o  
t h e  n o d e s
( h )  F o r  a n  e l a s t i c  s y s te m  i n  e q u i l i b r i u m  t h e  t o t a l  p o t e n t i a l  
e n e r g y  o f  t h e  l o a d i n g  p lu s  t h e  t o t a l  i n t e r n a l  s t r a i n  e n e r g y  
i s  a  m in im u m . T h i s  sum c o n t a in s  t h e  n o d a l  d is p la c e m e n t s  as  
u n k n o w n s ; i f  i t  i s  d i f f e r e n t i a t e d  w i t h  r e s p e c t  t o  e a c h  
n o d a l  d is p la c e m e n t  i n  t u r n  a n d  t h e  r e s u l t i n g  e x p r e s s io n s  
p u t  e q u a l  t o  z e r o  a  s y s te m  o f  l i n e a r  s im u l t a n e o u s  e q u a t io n s  
i s  o b t a in e d  f r o m  w h ic h  t h e  d is p la c e m e n t s  m ay b e  f o u n d .
A  n u m b e r o f  c o m p u te r  p ro g r a m s  h a s  b e e n .d e v e lo p e d  f o r  t h e  f i n i t e  
e le m e n t  s o l u t i o n  o f  t h i n  p l a t e  p r o b le m s .  F o r  t h e  p u r p o s e s  o f  t h i s  
i n v e s t i g a t i o n  a  p r o g r a m  (B E C P l)  s p e c i f i c a l l y  a d a p te d  f o r  t h e  a n a l y s i s  
o f  c o n c r e t e  b r i d g e  d e c k s  w as u s e d ,  f o r  r e a s o n s  o f  e a s y  a v a i l a b i l i t y  
a n d  i t s  i n c l u s i o n  o f  c e r t a i n  i m p o r t a n t  f e a t u r e s  d i r e c t l y  r e l a t e d  t o  
t h e  t o p i c .
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P ro g ra m  B E C P /1  w as d e v e lo p e d  f o r  t h e  D e p a r tm e n t  o f  t h e  
E n v i r o n m e n t .  I t  e m p lo y s  t r i a n g u l a r  p l a t e  b e n d in g  e le m e n t s  t o  e a c h  o f  
w h ic h  d i f f e r e n t  t h ic k n e s s e s  a n d  e l a s t i c  p r o p e r t i e s  m ay  b e  a s s ig n e d .  
L i n e a r  b eam  e le m e n ts  a r e  a l s o  a v a i l a b l e  b u t  t h e y  m u s t  b e  c o i n c i d e n t  
w i t h  t b e  m id d le  s u r f a c e  o f  t b e  s l a b .  A  v e r t i c a l  s u p p o r t  m ay b e  
l o c a t e d  a t  a n y  n o d e :  t h i s  s u p p o r t  m ay b e  r i g i d  o r  h a v e  a n y  o r  a l l
o f  t h r e e  d e g r e e s  o f  f r e e d o m ,  o n e  v e r t i c a l  a n d  tw o  r o t a t i o n a l ,  t o  a n y  
o f  w h ic h  e l a s t i c  s t i f f n e s s e s  m ay b e  a s s ig n e d  i n  a  m a n n e r  s i m i l a r  t o  
t h a t  u s e d  w i t h  t b e  g r i d  p r o g r a m #/ L o c a l  e f f e c t s  m ay b e  i n v e s t i g a t e d  b y  
u s i n g  a  f i n e  m esh  . o f  e le m e n t s  c o v e r in g  a  s m a l l  a r e a ,  t h e  b o u n d a r ie s  
o f  w h ic h  h a v e  d is p la c e m e n t s  fo u n d  b y  a n  i n i t i a l  c o m p u te r  r u n  u s in g  a  
c o a r s e  m e s h .
4 > 4 A p p l i c a t i o n
C a l c u l a t i o n  o f  t b e  c o m p u te r  p ro g ra m s  h a s  b e e n  m ade  b y  c o m p a r in g  
t b e  r e s u l t s  o b t a in e d  f r o m  th e m  w i t h  t h o s e  o b t a in e d  b y  o t h e r  m e th o d s  
a n d  w i t h  v a l u e s  f r o m  e x p e r im e n t s  o n  tw o  s c a le d -d o w n  b r i d g e  d e c k s .  T h e  
c o m p a r is o n s  a r e  s u m m a r is e d  i n  C h a p t e r  5 .
4 , 3  F i n i t e  e le m e n ts  f o t  r i b b e d  p l a t e s
T b e  l i m i t a t i o n  o f  p r o g r a m  B E C P /1  i s  t h a t  b eam  e le m e n t s  a r e  
c o n s id e r e d  t o  l i e  i n  t b e  p la n e  o f  t b e  p l a t e .  T h e  e c c e n t r i c i t y  o f  
t h e  c o m p o s ite  b eam  i s  th u s  n e g l e c t e d .  I n  o r d e r  t o  r e c t i f y  t h i s  
o m is s io n  f i n i t e  e le m e n t s  o f  g r e a t e r  c o m p le x i t y  a r e  r e q u i r e d ,  w h ic h
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t a k e  a c c o u n t  o f  t h e  i n - p l a n e  s t i f f n e s s  c o n t r i b u t e d  b y  t h e  e c c e n t r i c  
s t i f f e n e r .  An a n a l y s i s  on  t h e s e  l i n e s  w as p r e s e n t e d  b y  G u s t a f s o n  an d  
W r i g h t  ( 1 9 6 8 ) ,  d i r e c t e d  p r i m a r i l y  a t  s k e w e d  c o m p o s ite  g i r d e r  b r i d g e s ,  
c o m p a r is o n  b e in g  m ade w i t h  o r t h o t r o p i c  p l a t e  an d  f i n i t e  d i f f e r e n c e  
s o l u t i o n s . I t  w as c o n c lu d e d  t h a t  a l t h o u g h  t h e  m e th o d  le a d  t o  a  
m o re  s a t i s f a c t o r y  m o d e l l i n g  o f  t h e  p h y s i c a l  b e h a v io u r  o f  t h e  b r i d g e
d e c k  i t  h a d  t h e  m a jo r  d is a d v a n t a g e  o f  r e q u i r i n g  t h e  s o l u t i o n  o f  m o re
e q u a t i o n s .
4 * 8 R ib b e d  p l a t e s
T h e  a n a l y t i c a l  m o d e ls  so f a r  d e s c r ib e d  h a v e  t h e  d e f e c t  t h a t  t h e y
n e g l e c t  t h e  h o r i z o n t a l  s h e a r in g  a c t i o n  b e tw e e n  s t e e l  b e a m  a n d  c o n c r e t e
s la b  p r e s e n t  i n  a  c o m p o s ite  b r i d g e  d e c k .  A  s im p le  e x p e d ie n t  w h ic h
w i l l  o v e rc o m e  t h e  d e f e c t  i s  t o  u s e  i n  t h e  a n a l y s i s  t h e  c o m p o s ite
p r o p e r t i e s  o f  t h e  s t e e l  b e a m ; f o r  d e c k -b e a m  s y s te m s  i n  w h ic h  th e
s p a n  t o  b eam  s p a c in g  r a t i o  i s  r e a s o n a b ly  l a r g e  ( s a y  1 0  o r  g r e a t e r )
t h i s  w i l l  g iv e  a c c e p t a b l e  r e s u l t s .  ■ ■ §  I f  t h e  r e s u l t s  o f  s h e a r  
causing
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i n  t h e  c o n c r e t e  f l a n g e  o f  t h e  c o m p o s ite  b eam  a r e  t o  b e .a c c o u n t e d  
f o r  t h i s  m ay b e  d o n e  b y  u s in g  a n  e f f e c t i v e  w id t h  r e d u c t i o n  t o  t h e  
c o n c r e t e  f l a n g e  w h e n  c a l c u l a t i n g  t h e  p r o p e r t i e s  o f  t h e  c o m p o s ite  
b e a m . T h e r e  m a y , h o w e v e r ,  b e  in s t a n c e s  w h e n  g r e a t e r  r i g o u r  i s  
r e q u i r e d .  I t  m u s t b e  b o r n e  i n  m in d  t h a t  t h e  a n a l y t i c a l  c o m p l e x i t y  
o f  t h e  m o d e l w i l l  b e  o f  a  h ig h  o r d e r :  t h e  f u l l  c o m p o s ite  m e m b ra n e
f l e x u r a l  m o d e l p ro d u c e s  e i g h t h  o r d e r  e q u a t i o n s .
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C lo s e d  f o r m  s o l u t i o n s  b a s e d  on a  d i f f e r e n c e  a p p r o a c h  a r e  g iv e n  
b y  D e a n  an d  O m id 'v a r a n  ( 1 9 6 9 )  f o r  t h r e e  m o d e ls  w h ic h ,  i n  a s c e n d in g  
o r d e r  o f  c o m p le x i t y  a r e  : -
( a )  c o m p o s ite  m em b rane a n a l y s i s
( b )  n o n - c o m p o s it e  f l e x u r a l  a n a l y s i s  ( b o t h  o f  f o u r t h  o r d e r )
( c )  c o m p o s ite  m e m b ra n e  -  f l e x u r a l  a n a l y s i s  ( o f  e i g h t h  o r d e r ) .  
O f t h e s e  ( a )  i s  o f  n o  i n t e r e s t  i n  b r i d g e  d e s ig n  as  i t  n e g le c t s  t b e  
b e n d in g  s t i f f n e s s  o f  d e c k  a n d  b e a m , ( b )  i s  t b e  c a s e  o f  d e c k  r e s t i n g  
o n , b u t  n o t  c o m p o s ite  w i t h ,  t h e  b eam s a n d  ( c )  i s  t b e  r i g o r o u s  
s o l u t i o n .  C o n f in i n g  a t t e n t i o n  t o  t h i s  l a s t  s o l u t i o n  t h e  o u t l i n e  
d e r i v a t i o n  i s  t o  w r i t e  e q u a t io n s  o f  e q u i l i b r i u m  an d  c o m p a t i b i l i t y  
f o r  t h e  t y p i c a l  p l a t e  a n d  r i b  e le m e n ts  show n i n  f i g u r e  4 . 1 .  
E x p r e s s io n s  a r e  g iv e n  r e l a t i n g  e le m e n t  b o u n d a ry  f o r c e s  t o  b o u n d a ry  
d is p la c e m e n t s  i n  te r m s  o f  tw o  in d e p e n d e n t  v a r i a b l e s  ( o r  f i e l d  
c o o r d i n a t e s ) ;  a  c o n t in u o u s  v a r i a b l e  t o  d e n o te  d is t a n c e  a lo n g  a  r i b  
l i n e  a n d  a  d i s c r e t e  v a r i a b l e  t o  d e s ig n a t e  a  p a r t i c u l a r  r i b .  
C o m p a r is o n s  a r e  m ade i n  t b e  p a p e r  b e tw e e n  s o l u t i o n s  b a s e d  o n  b o t h  
n o n - c o m p o s i t e  a n d  c o m p o s ite  m em b ran e  -  f l e x u r a l  a n a l y s i s  o f  t h e  same 
b r i d g e  d e c k .
4 . 7  D is c u s s io n
A  v e r y  l a r g e  a m o u n t o f  e f f o r t  h a s ,  i n  r e c e n t  y e a r s ,  b e e n  
d e v o te d  t o  t b e  d e v e lo p m e n t  o f  c o m p u te r  p ro g ra m s  f o r  b r i d g e  d e c k  
a n a l y s i s .  B o th  g r i d  a n d  f i n i t e  e le m e n t  p ro g ra m s  h a v e  b e e n  
e f f e c t i v e l y  u s e d  b y  d e s ig n e r s  an d  w h e re  s u i t a b l e  f a c i l i t i e s  e x i s t
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F i g u r e  4 . 1  R i b  a n d  p l a t e  e l e m e n t s
c o m p u te r  m e th o d s  w i l l  c e r t a i n l y  s u p e r s e d e  h a n d  m e th o d s .  
N e v e r t h e l e s s ,  t h e  d ra w b a c k s  m e n t io n e d  i n  s e c t i o n  4 . 1 ;  a v a i l a b i l i t y  
o f  c o m p u te r s ,  d a t a  p r e p a r a t i o n  t im e  a n d  s t o r a g e  c a p a c i t y  a r e  
d e f i n i t e  l i m i t a t i o n s .  T o  w h ic h  m ig h t  b e  a d d e d  t h e  i n f l e x i b i l i t y  
o f  m any o f  t h e  d a t a  i n p u t  s y s te m s  an d  t h e  i n a b i l i t y  o f  t h e  e n g in e e r  
t o  m o d if y  t h e  s t r u c t u r a l  s y s te m  d u r in g  t h e  r u n  o f  t h e  p r o g r a m . T h e  
i d e a l  p r o g r a m  w o u ld  a l l o w  a n  i n t e r a c t i o n  b e tw e e n  e n g in e e r  an d  
c o m p u te r ,  u s i n g ,  f o r  e x a m p le ,  a  t y p e w r i t e r  t e r m i n a l  o n  w h ic h  t o  
p r e s e n t  t h e  d a t a .
1 2 3
5i n v e s t i g a t i o n s  b y  m e a s u re m e n t o n  r e a l  s t r u c t u r e s  i s  t o o  s e ld o m  
a t t e m p t e d .  T h e r e  a r e  c l e a r l y  d i f f i c u l t i e s  i n  m a k in g  m e a s u re m e n ts  
o n  a  b r i d g e  o n c e  i t  h a s  b e e n  o p e n e d  t o  t r a f f i c  b u t  i t  s h o u ld  b e  
p o s s i b l e ,  a f t e r  c o n s t r u c t i o n  h a s  b e e n  c o m p le te d  an d  b e f o r e  o p e n in g ,  
t o  s e t  a s id e  some t im e  i n  w h ic h  t o  a p p ly  lo a d s  t o  t h e  s t r u c t u r e  
a n d  m e a s u re  t h e  r e s u l t i n g  e f f e c t s .  T h e  c o s t  o f  s u c h  an  i n v e s t i g a t i o n  
w i l l  g e n e r a l l y  b e  o n l y  a  s m a l l  f r a c t i o n  o f  t h e  t o t a l  b r i d g e  c o s t .
F o r  t h e  p u r p o s e s  o f  t h i s  i n v e s t i g a t i o n  t h e  e x p e r i m e n t a l  
r e s u l t s  f r o m  a  c o m p re h e n s iv e  t e s t  p ro g ra m m e  c a r r i e d  o u t  b y  th e  
B r i t i s h  S t e e l  C o r p o r a t i o n ,  S p e c i a l  S t e e l s  D i v i s i o n ,  R e s e a r c h  and  
D e v e lo p m e n t  D e p a r tm e n t  o n  a  o n e - s i x t h  s c a l e  m o d e l c o m p o s ite  d e c k  
m o to rw a y  b r i d g e  (B IS R A  m o d e l)  w e r e  u t i l i s e d .
D e t a i l s  o f  t h e  t e s t  a r e  g iv e n  b e lo w  t o g e t h e r  w i t h  t h e  r e s u l t s  
o f  h a r m o n ic  a n a l y s i s ,  o r t h o t r o p i c  p l a t e ,  f i n i t e  e le m e n t  a n d  g r i d  
s i m u l a t i o n  c o m p u ta t io n s  a n d  t h e  r e s u l t s  a r e  e x a m in e d  c r i t i c a l l y .
E x p e r i m e n t a l  I n v e s t i g a t i o n
5 . 1  I n  t h e  a u t h o r ' s  o p i n i o n ,  t h e  v e r i f i c a t i o n  o f  a n a l y t i c a l
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I n  o r d e r  t o  a p p ly  a n a l y t i c a l  t e c h n iq u e s  t o  a  m o d e l i t  i s  f i r s t  
n e c e s s a r y  t o  q u a n t i f y  t h e  p h y s i c a l  p r o p e r t i e s  o f  t h e  c o m p o s ite  s t e e l  
g i r d e r  -  c o n c r e t e  d e c k  s y s te m . Among t h e s e  p r o p e r t i e s  a r e  some t o  
w h ic h  t h e r e  i s  a  c e r t a i n  d i f f i c u l t y  i n  a s s ig n in g  a  v a l u e  : -
( a )  t h e  b e n d in g  s t i f f n e s s  o f  t h e  c o m p o s ite  b eam  i s  a f f e c t e d  
b y  th e  n o n - l i n e a r  l o n g i t u d i n a l  b e n d in g  s t r e s s  d i s t r i ­
b u t i o n  w h ic h  i s  a  c o n s e q u e n c e  o f  t h e  s h e a r  l a g  i n  a
• * 0 0 * 0
w id e  f l a n g e d  b e a m . T h e  e f f e c t i v e  w id t h  s i m p l i f i c a t i o n  
h a s  b e e n  a d o p te d  i n  t h i s  i n v e s t i g a t i o n .
( b )  t h e  r a t i o  o f  t h e  m o d u l i  o f  e l a s t i c i t y  o f  s t e e l  an d  
c o n c r e t e  r e q u i r e d  i n  e s t i m a t i n g  s t i f f n e s s e s  i n  a  t w o -  
m a t e r i a l  b eam  i s  a  v a r i a b l e  q u a n t i t y  d e p e n d e n t  b o t h  on  
t h e  c o m p o s i t io n  a n d  a g e  o f  t h e  c o n c r e t e  an d  o n  t h e  
d u r a t i o n  o f  l o a d i n g .  A f o r m u la  c o n n e c t in g  m o d u la r  
r a t i o  w i t h  c o n c r e t e  c u b e  s t r e n g t h  on t h e  a s s u m p t io n  
in s t a n t a n e o u s  l o a d i n g  h a s  b e e n  u s e d  h e r e .
( c )  t o r s i o n a l  s t i f f n e s s e s  a r e  d i f f i c u l t  t o  e s t i m a t e .
N e v e r t h e l e s s  some a t t e m p t  m u s t b e  m ade t o  a s s ig n  a
v a l u e  t o  th e m  as  t h e  e f f e c t  o f  t o r s i o n a l  r e s i s t a n c e  i s  
t o  im p ro v e  t h e  lo a d  d i s t r i b u t i n g  p r o p e r t i e s  o f  t h e  d e c k .  
T h e  t o r s i o n a l  s t i f f n e s s  o f  o p e n  s e c t io n s  s u c h  as  I  beam s  
i s  so  lo w  as  t o  b e  s e n s i b l y  z e r o .  H o w e v e r ,  t h e  
c o m b in a t io n  o f  I  b eam  an d  c o n c r e t e  s la b  i n  c o m p o s ite  
a c t i o n  h a s  a  s i g n i f i c a n t  t o r s i o n a l  s t i f f n e s s .  Recomm en­
d a t i o n s  h a v e  b e e n  m ade b y  W e s t ( 1 9 7 1 )  on  t h e  e v a l u a t i o n
5 . 2  P h y s i c a l  p r o p e r t i e s  o f  a  m o d e l  d e c k
1 2 5
o f  p h y s i c a l  p r o p e r t i e s  i n  a  g r i l l a g e  a n a l y s i s  a n d  b y  
J a c k s o n  ( 1 9 6 8 )  o n  t b e  c a l c u l a t i o n  o f  t o r s i o n  c o n s t a n t s .  
T h e  a p p ro a c h  a d o p te d  h e r e  i n  g r i d  an d  o r t b o t r o p i c  p l a t e  
c a l c u l a t i o n s  h a s  b e e n  t o  n e g l e c t  t b e  t o r s i o n a l  s t i f f n e s s  
o f  t b e  l o n g i t u d i n a l  beam s a n d  t o  u s e  t b e  f u l l  t o r s i o n a l  
s t i f f n e s s  o f  t b e  c o n c r e t e  s l a b .
( d )  t h e  u s e  o f  e l a s t i c  b e a r in g s  f o r  s u p p o r t in g  t b e  e n d s  o f  
b r i d g e  g i r d e r s  i s  common. As d e f l e c t i o n  o f  t h e s e  
b e a r in g s  m ay h a v e  a  s i g n i f i c a n t  e f f e c t  o n  l o a d  
d i s t r i b u t i o n  t h e i r  s t i f f n e s s  s h o u ld  b e  i n c lu d e d  i n  
c a l c u l a t i o n s .  T h e  s t i f f n e s s  o f  t b e  b e a r i n g s  u s e d  i n  
t b e  e x p e r im e n t s  w as n o t  kn o w n  an d  so  t h e y  w e r e  assum ed  
t o  b e  r i g i d  s t e e l  p l a t e s  f o r  t b e  p u r p o s e  o f  a n a l y s i s .
5 . 3  E x p e r i m e n t a l  m e a s u re m e n ts
T b e  d i s t r i b u t i o n  o f  l o n g i t u d i n a l  b e n d in g  m om ent c a n  b e  
e s t im a t e d  f r o m  t b e  v e r t i c a l  d e f l e c t i o n  o f  t b e  s t e e l  beam s a n d  
a l s o  f r o m  l o n g i t u d i n a l  s t r a i n  m e a s u re m e n t i n  t h e  s t e e l  b eam  
f l a n g e s .
’ T h e  d i s t r i b u t i o n  o f  t r a n s v e r s e  b e n d in g  m om ent i s  m o re  
d i f f i c u l t  t o  e s t i m a t e  f r o m  p h y s i c a l  m e a s u re m e n t as t h e r e  a r e  
g o o d  r e a s o n s  f o r  t r e a t i n g  s t r a i n  m e a s u re m e n ts  i n  c o n c r e t e  w i t h  
c a u t i o n .  S t r a i n s  i n  t r a n s v e r s e  r e in f o r c e m e n t  a r e  o f  m o re  u s e
1 2 6
h e r e  b u t  t h e  c r a c k i n g  o f  t h e  s l a b  i s  a  c o m p l i c a t i o n .
L o c a l  s t r a i n s  u n d e r  a  c o n c e n t r a t e d  lo a d  a r e  e x t r e m e l y  d i f f i c u l t  
t o  m e a s u re  b e c a u s e  o f  t h e  v e r y  h ig h  s t r a i n  g r a d i e n t s  i n v o l v e d  a n d  
t h e  n o n - u n i f o r m  n a t u r e  o f  t h e  m a t e r i a l .  T h e  i n v e s t i g a t i o n  b y  
K i s t  a n d  Boum a ( 1 9 5 4 )  s h o u ld  b e  r e f e r r e d  t o .
5 . 4  B IS R A  m o d e l
( F u l l  d e t a i l s  a r e  g iv e n  i n - B r i t i s h  S t e e l  C o r p o r a t i o n  1 9 7 1  
an d  1 9 7 2 ) .
T h e  m a in  p u r p o s e  b e h in d  t h e  t e s t i n g  o f  t h i s  m o d e l w as t o  
i n v e s t i g a t e  t h e  w ay  i n  w h ic h  t h e  e f f e c t s  o f  a n  HB v e h i c l e  w e r e  
d i s t r i b u t e d  l a t e r a l l y .  T h e  o n e - s i x t h  s c a l e  m o d e l s i m u l a t e d ,  i n  
a c c o r d a n c e  w i t h  a c c e p t e d  p r i n c i p l e s  o f  s c a l i n g ,  a  c o m p o s ite  
h ig h w a y  b r i d g e  w i t h  a  s im p ly  s u p p o r t e d  s p a n  o f  6 4  f e e t .  D e t a i l s  
o f  t h e  c o n s t r u c t i o n  o f  t h e  m o d e l a r e  g iv e n  i n  f i g u r e  5 . 1 .
M e a s u re m e n ts  w e r e  m ade o f  t h e  f o l l o w i n g  q u a n t i t i e s  o n  t h e  
l i n e  o f  t h e  m axim um  l o n g i t u d i n a l  b e n d in g  m om ent : -
( a )  v e r t i c a l  d e f l e c t i o n  o f  t h e  b o t t o m  f l a n g e s  o f  a l l  
t h e  s t e e l  g i r d e r s
( b )  l o n g i t u d i n a l  s t r a i n  o n  t h e  b o t to m  f l a n g e s  o f  a l l  
t h e  s t e e l  g i r d e r s  (A )
1 2 7
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( c )  l o n g i t u d i n a l  s t r a i n  o n  t h e  u n d e r s i d e  o f  t h e  t o p
f l a n g e s  o f  t h e  tw o  c e n t r e  s t e e l  g i r d e r s  (B )
( d )  s t r a i n  i n  l o n g i t u d i n a l  r e in f o r c e m e n t  (C )
( e )  s t r a i n  i n  t r a n s v e r s e  r e i n f o r c e m e n t
( f )  s t r a i n  b o t h  t r a n s v e r s e l y  an d  l o n g i t u d i n a l l y  a t  t h e  
t o p  s u r f a c e  o f  t h e  c o n c r e t e  s la b  ( F )
T h e  b r a c k e t e d  r e f e r e n c e s  (A )  t o  ( F )  a r e  show n o n  t h e  s e c t i o n  
t h r o u g h  t h e  b r i d g e  d e c k  ( f i g u r e  5 . 2 ) .
A d d i t i o n a l l y  h o r i z o n t a l  s l i p  an d  v e r t i c a l  s e p a r a t i o n  b e tw e e n  
c o n c r e t e  s la b  an d  s t e e l  g i r d e r  w e r e  m e a s u re d  b y  d i a l  g a u g e  an d  
s t r a i n - g a u g e d  s h e a r  c o n n e c t io n  r e s p e c t i v e l y .
D e c k  p r o p e r t i e s
( a )  E f f e c t i v e  w id t h
U s in g  t h e  p r o v i s i o n s  o f  B r i t i s h  S t a n d a r d  Code o f  P r a c t i c e  1 1 7  : 
P a r t  2 a n d  c o n s i d e r i n g  a  t y p i c a l  i n t e r n a l  beam  t h e  h a l f  s p a c in g  
b e tw e e n  s t e e l  g i r d e r s  i s  6 in c h e s  w h ic h  i s  l e s s  t h a n  o n e - t w e n t i e t h  
o f  t h e  d e c k  s p a n .  T h e  t o t a l  e f f e c t i v e  w i d t h  o f  a  c o m p o s ite  
i n t e r n a l  b eam  m ay t h u s  b e  t a k e n  as 12  i n c h e s .
( k )  M o d u la r  r a t i o
2
F o r  a  c o n c r e t e  c u b e  s t r e n g t h  o f  4 5 0 0  l b / i n  t h e  in s t a n t a n e o u s
m o d u la r  r a t i o  i s  5 0 0 /  =  7 . 5 ,  g i v i n g  a  m o d u lu s  o f  e l a s t i c i t y  o f
L
1 2 9
F i g u r e  5 . 2  S e c t i o n  t h r o u g h  B I S R A  b r i d g e
1 3 0
(A-
 2
im
m
)
6  6  2 
c o n c r e t e  o f  3 0  x  1 0  / 7 . 5  =  4 . 0  x  1 0  l b / i n  .
T h e  s e c o n d  m om ent o f  a r e a  c a l c u l a t i o n s ,  g iv e n  i n  f i g u r e  5 . 3 ,  
l e a d  t o  t h e  f o l l o w i n g  p h y s i c a l  c o n s t a n t s
G r id
. 4  4
L o n g i t u d i n a l  m em b ers  I  =  2 7 .5 8 6 5  i n  J  =  2 . 2 7  i n  ( s t e e l  u n i t s )
C ro s s  m em b ers  (s p a c e d  a t  8  i n . )
I  =  0 . 3 8 8  x  8 / 7 . 5  =  0 . 4 1 4  i n 4  J  =  1 , 4 4  i n 4  ( s t e e l  u n i t s )
F i n i t e  e le m e n t
6 3
D e c k  p r o p e r t i e s  b a s e d  o n  E £  “  3 0  x  1 0  / 7 . 5  x  1 0  =
a n d  P o is s o n s  r a t i o  v  =  0 . 2
=  Dy = E t 3 / 1 2 ( l  -  0 . 2 )  =  4 0 0 0  x  1 . 6 7 3 / 1 2 ( 1  -  0 . 2 )  =
D - =  D . 0 . 2  . =  0 . 2  x  1 6 2 0
1 x
D x y  =  ?D ( 1 - v )  =  0 . 5  x  1 6 2 0  x  0 . 8  =X
5 . 5  H a r m o n ic  a n a l y s i s
T h e  d i s t r i b u t i o n  o f  b e n d in g  m om ents an d  d e f l e c t i o n s  i s  f i r s t  
c a l c u l a t e d  u s in g  t h e  m e th o d  o f  d i s t r i b u t i o n  c o e f f i c i e n t s  d u e  t o  
H e n d r y  a n d  J a e g e r .
2
4 0 0 0  k i p / i n  .
1 6 2 0  k i p  i n .  
3 2 4  k i p  i n .  
6 5 0  k i p  i n
1 3 1
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_ - . 12 j - .S p a n  •, 3 E l d e c k
R e l a t i v e  s t i f f n e s s  a  =  —  xtM — •— •/ — *—-t -
8 i* S p a c in g  E l  g i r d e r
I 2 ( 1 2 8  . ) 3 1 2 8  x ° » 3 8 8  ■' = 3 6 - 8 3
tt4  12  2 7 . 5 8  x 7 . 5
a  i s  c o e f f i c i e n t  f o r  e i g h t  g i r d e r  d e c k .
8
T h e  e q u i v a l e n t  f i v e  g i r d e r  d e c k  h a s
a  • o a  ( ~ ) k  =  a  x  0 . 1 5 2 5  =  3 6 . 8 3  x  0 . 1 5 2 5  =  5 . 5
5 8 8  8
T h e  p l o t t e d  d i s t r i b u t i o n  c o e f f i c i e n t s  f o r  t h e  e q u i v a l e n t  f i v e  
g i r d e r  d e c k  a r e  g iv e n  i n  f i g u r e  5 . 4  a n d  t h e  a c t u a l  c o e f f i c i e n t s  f o r
t h e  e i g h t  g i r d e r  d e c k  i n  t a b l e s  5 . 1  a n d  5 . 2 .  T h e  l a t t e r  a r e  o b t a in e d
b y  r e a d i n g  f r o m  t h e  v a l u e s  f o r  a f i v e  g i r d e r  d e c k  as show n i n  f i g u r e  5 . 4 .
T h e  t o t a l  m axim um  " f r e e "  b e n d in g  m o ve m e n t f o r  t h e  l o n g i t u d i n a l  
p o s i t i o n  o f  t h e  lo a d  show n i n  f i g u r e  5 . 5 .  o c c u r s  u n d e r  t h e  w h e e ls  
c l o s e s t  t o  t h e  b r i d g e  c e n t r e  l i n e .
• « %
F o r  a  t o t a l  v e h i c l e  w e i g h t  o f  4W to n s
R a =  4W x  =  2 . 32W
A  l z o
Rg . =  ( 4  -  2 .3 2 )W  . =  1 . 6 8 W
M  ' =  1 . 6 8 W  x  5 4  -  W x  1 2  . =  7 9  W t o n  i n ,
m ax
o r  f o r  a . t o t a l  lo a d  4W  = 5  t o n s  M . = 9 8 . 7  t o n  i n .  = 2 2 1  k i p  i n .
m ax r
1 3 4 f
1 3 5
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6 4 " 6 4 "
F i g u r e  5 . 5  L o n g i t u d i n a l  p o s i t i o n  o f  l o a d
1 3 7
b r i d g e .  a  = 3 6 . 8 3 ,  3 = 0• • 8   • ...................
T a b l e  5 . 1  U n f a c t o r e d  d i s t r i b u t i o n  c o e f f i c i e n t s  f o r  e i g h t  g i r d e r
1
2  
3.
4
5
6
7
8
Sum
1 . 3 1
0 . 4 8
0 . 1 2
- 0 . 0 3
- 0 . 0 8
- 0 . 0 9
- 0 . 0 5
0 . 0 2
1 . 6 8
0 . 4 8  
0 . 6 0  
0 . 4 4  
0 . 2 0  
0 . 0 7  
- 0 . 0 1  
- 0 . 0 5  
- 0 . 0 5
1 . 6 8
0 . 1 2
0 . 4 4
0 . 4 3
0 . 4 5
0 . 2 3
0 . 1 1
-0 . 0 1
- 0 . 0 9
1 . 6 8
- 0 . 0 3
0 . 2 0
0 . 4 5
0 . 4 7
0 . 3 7
0 . 2 3
0 . 0 7
- 0 . 0 8
1 . 6 8
- 0 . 0 8
0 . 0 7
0 . 2 3
0 .3 7 .
0 . 4 7
0 . 4 5
0 . 2 0
- 0 . 0 3
1 . 6 8
- 0 .0 9
-0 . 0 1
0 . 1 1
0 . 2 3
0 . 4 5
0 . 4 3
0 . 4 4
0 . 1 2
1 . 6 8
7 .
- 0 . 0 5
- 0 . 0 5
- 0 . 0 1
0 . 0 7
- 0 . 2 0
0 . 4 4
0 . 6 0
0 . 4 8
1 . 6 8
8
0 . 0 2
- 0 .0 5
- 0 .0 9
- 0 . 0 8
- 0 . 0 3
0 . 1 2
0 . 4 8
1 . 3 1
1 . 6 8
Sum
1 . 6 8
1 . 6 8
1 . 6 8
1 . 6 8
1 . 6 8
1 . 6 8
1 . 6 8
1 . 6 8
1 3 . 4 4
T a b le  5 . 2  F a c t o r e d  d i s t r i b u t i o n  c o e f f i c i e n t s  f o r  e i g h t  g i r d e r
b r i d g e .  a  . =  3 6 . 8 3  3 = 0
• • • 8 ..................................................................
1 2 3 4 5 6 7 8 Sum
1 0 . 7 4 0 . 3 3 0 . 1 2 - 0 . 0 2 - 0 . 0 5 - 0 . 0 6 - 0 . 0 3 - 0 . 0 3 1 . 0
2 0 . 3 3 0 . 3 7 0 . 2 5 0 . 1 2 0 . 0 7 - 0 . 0 4 - 0 . 0 7 - 0 . 0 3 1 . 0
3 0 . 1 2 0 . 2 5 0 . 2 9 0 . 2 5 0 . 1 3 0 . 0 6 - 0 . 0 4 - 0 . 0 6 1 . 0
4 - 0 . 0 2 0 . 1 2 0 . 2 5 0 . 2 8 0 . 2 2 0 . 1 3 0 . 0 7 - 0 . 0 5 1 . 0
5 - 0 . 0 5 0 . 0 7 0 . 1 3 0 . 2 2 0 . 2 8 0 . 2 5 0 . 1 2 - 0 . 0 2 1 . 0
6 - 0 . 0 6 - 0 . 0 4 0 . 0 6 0 . 1 3 0 . 2 5 0 . 2 9 . 0 . 2 5 0 . 1 2 1 . 0
7 - 0 . 0 3 - 0 . 0 7 - 0 . 0 7 0 . 0 7 0 . 1 2 0 . 2 5 0 . 3 7 0 . 3 3 1 . 0
8 - 0 . 0 3 - 0 . 0 3 - 0 . 0 6 - 0 . 0 5 - 0 . 0 2 0 . 1 2 0 . 3 3 0 . 7 4 1 . 0
Sum 1 . 0 1 . 0 1 . 0 1 . 0 1 . 0 1 . 0 1 . 0 1 . 0 8 . 0
1 3 8
T a b le  5 . 4  D i s t r i b u t i o n  o f  f r e e  b e n d in g  m om ents t o  l o n g i t u d i n a l s  
f o r  a  v e h i c l e  w e ig h t  o f  5  to n s
G i  r d e r Sum
1 2 3 4 5 6 7 8 T o n  i n
1 1 . 4 6 0 . 6 5 0 . 2 4 - 0 . 0 4 - 0 . 1 0 - 0 . 1 2 - 0 . 0 6 - 0 . 0 6 1 .9 7
2 - 1 . 4 7 - 1 . 6 4 - 1 . 1 1 - 0 . 5 3 - 0 . 3 1 0 / 1 8 0 . 3 1 0 . 1 3 - 4 . 4 4
3 2 . 8 3 5 . 9 6 . 8 4 5 . 9 3 . 0 7 1 . 4 2 - 0 . 9 4 - 1 . 4 2 2 3 . 6 0
4 - 1 . 1 4 6 . 8 2 1 4 .2 1 5 . 9 1 2 . 5 0 7 . 3 8 3 . 9 8 - 2 . 8 4 5 6 . 8 0
5 - 1 . 1 8 1 .6 5 3 . 0 7 5 . 1 9 6 . 6 1 5 . 9 0 2 . 8 3 - 0 . 4 7 2 3 . 6 0
6 0 . 2 8 0 . 1 9 - 0 . 2 8 - 0 . 6 2 - 1 . 1 8 - 1 . 3 7 - 1 . 1 8 - 0 . 5 7 - 4 . 7 3
7 - 0 . 0 6 - 0 . 1 4 - 0 . 1 4 0 . 1 4 0 . 2 4 0 . 4 9 0 . 7 3 0 . 6 5 1 .9 7
8 0 0 0 0 0 0 0 0 0
t o n  i n 0 . 7 2 1 3 .4 2 2 2 . 8 2 2 5 . 9 8 2 0 . 8 2 1 3 .9 0 5 . 6 7 - 4 . 5 8 9 8 . 7 0
t o n / i n ' ’ 0 .1 3 6 2 . 0 4 4 . 3 4 4 . 9 0 3 . 9 5 2 . 6 4 1 . 0 4 0 . 8 7
T a b le  5 . 5  D i s t r i b u t e d  d e f l e c t i o n s  f o r  a  v e h i c l e  w e i g h t  o f  5 to n s
G i  r d e r
1 2 3 4 5 6 7 8
0 . 0 0 3 2 0 .0 5 8 3 0 .1 0 8 7 0 .1 1 3 7 0 . 0 9 2 0 0 . 0 6 0 8 0 . 0 2 4 7 - 0 . 0 2 0 6 i n .
1 3 9
I n i t i a l l y  assum e t h a t  t h e  l o n g i t u d i n a l s  a r e  f i x e d  so  t h a t  t h e y  
c a n n o t  d e f l e c t  v e r t i c a l l y .  T h e n  c o n s i d e r i n g  t h e  t r a n s v e r s e  l o c a t i o n  
o f  o ne a x l e  o f  lo a d  W t o n s ,  t h e  r e a c t i o n s  o f  t h e  c o n t in u o u s  d e c k  
s t r i p  l y i n g  u n d e r  t h a t  a x l e  o n  t o  t h e  f i x e d  l o n g i t u d i n a l s  a r e  g iv e n  
i n  f i g u r e  5 . 6 .  T h e  t o t a l  f r e e  b e n d in g  m om ent m ay t h e n  h e  a l l o t t e d  
t o  e a c h  l o n g i t u d i n a l  i n  p r o p o r t i o n  t o  t h e  d e c k  s t r i p  r e a c t i o n s  as  
show n i n  f i g u r e  5 . 6 .
T h e  l o n g i t u d i n a l s  c a n  t h e n  b e  a l lo w e d  t o  d e f l e c t  f r e e l y ,  
d i s t r i b u t i n g  t h e  f r e e  b e n d in g  m om ents t o  e a c h  o t h e r  i n  a c c o r d a n c e  
w i t h  t h e  d i s t r i b u t i o n  c o e f f i c i e n t s .  T h i s  p r o c e s s  i s  sh o w n  i n  
T a b le  5 X 4 ,  i n  w h ic h  t h e  f i n a l  b e n d in g  m o m ents  a r e  o b t a in e d  b y  
sum m ing t h e  c o m p o n e n ts  r e t a i n e d  b y  a n d  d i s t r i b u t e d  t o  e a c h  g i r d e r  
i n  t u r n .  T h e  f i n a l  l i n e  o f  T a b le  5 . 4  show s t h e  b o t t o m  f l a n g e  
s t r e s s e s  i n  e a c h  s t e e l  b eam  c a l c u l a t e d  f r o m  t h e  b e n d in g  m o m e n ts .
A  s i m i l a r  p r o c e s s  m ay b e  u s e d  t o  d e t e r m in e  t h e  d i s t r i b u t e d  
f r e e  d e f l e c t i o n .  T h e  t o t a l  f r e e  d e f l e c t i o n ,  c a l c u l a t e d  b y  t h e  
i n f l u e n c e  c o e f f i c i e n t  m e th o d  i l l u s t r a t e d  i n  f i g u r e  5 . 7  i s  0 . 4 4 1 1  
in c h e s  f o r  a  v e h i c l e  w e i g h t  o f  5  t o n s .  T h i s  i s  d i s t r i b u t e d  t o  t h e  
l o n g i t u d i n a l s  i n  t h e  r a t i o  o f  t h e i r  f i n a l  b e n d in g  m o m e n ts , l e a d i n g  
t o  t h e  d e f l e c t i o n s  s u m m a r is e d  i n  T a b le  5 . 5 .
F i g u r e  5 . 8  c o m p a re s  e x p e r i m e n t a l  a n d  a n a l y t i c a l  r e s u l t s .
1 4 0
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F i g u r e  5 . 7  F r e e  d e f l e c t i o n
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F i g u r e  5 . 8  C o m p a r i s o n  o f  e x p e r i m e n t  a n d  h a r m o n i c
a n a l y s i s  f o r  l o a d  c a s e  1
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5 . 6 O r t h o t r o p i c  p l a t e
I n  o r d e r  t o  p r o v i d e  a  c o m p a r is o n  w i t h  t h e  h a r m o n ic  a n a l y s i s  
o f  s e c t i o n  5 . 5 ,  an  o r t h o t r o p i c  p l a t e  c a l c u l a t i o n  f o r  w h e e l  lo a d  
p o s i t i o n  c a s e  1 w as p e r f o r m e d .
T h e  l o n g i t u d i n a l  a v e r a g e  s t i f f n e s s  o f  t h e  c o m p o s ite  beam s  
s p a c e d  a t  12  in c h e s  i s
2 7 .5 8 6 5  x  3 x  1 0 4 / 1 2  =  6 8 9 6 6  k i p  i n 2 / i n .
T h e  f l e x u r a l  p a r a m e t e r
9 0  , 6 8 9 6 6 !
( -T T o r r )  =  0 . S 7  0 . 9 02 x  1 3 2  v 1 6 2 0
T h e  t o r s i o n a l  p a r a m e t e r  a  w as i n i t i a l l y  t a k e n  as z e r o .
T h e  c o e f f i c i e n t s  o f  l a t e r a l  d i s t r i b u t i o n  a r e  show n i n  
t a b l e  5 . 6  b e lo w .
y e= o e = b /4 Ko K / Z K  o o
x O .4 4 1 1
0 2 . 1 5 9 2 1 . 7 7 1 3 .9 3 6 3 0 . 2 6 1 0 . 1 1 5
b / 4 1 .7 7 7 1 2 .1 3 3 4 3 .9 1 0 5 0 . 2 5 9 0 . 1 1 4
b / 2 1 .0 4 3 6 1 .7 3 0 9 2 .7 7 4 5 0 . 1 8 4 0 . 0 8 1
3 b / 4 0 .2 7 4 9 0 . 9 5 6 5 1 . 2 3 1 4 0 . 0 8 2 0 .0 3 6
b - 0 . 4 7 1 5 0 .1 1 2 9 - 0 . 3 5 8 6 - 0 . 0 2 4 - 0 . 0 1 1
- b / 4 1 . 7 7 1 1 . 1 0 7 0 2 . 8 8 4 1 0 . 1 9 1 0 . 0 8 4
- b / 2 1 .0 4 3 6 0 . 4 7 0 0 1 .5 1 3 6 0 . 1 0 0 0 . 0 4 4
- 3 b / 4 0 . 2 7 4 9 - 0 . 0 6 4 6 0 . 2 1 0 3 0 . 0 1 4 0 . 0 0 6
- b - 0 . 4 7 1 5 - 0 . 5 4 9 3 - 1 . 0 2 0 8  
Z 1 5 .0 8 1 3
- 0 . 0 6 8 - 0 . 0 3 0
T a b le  5 . 6  C o e f f i c i e n t s  o f  l a t e r a l  d i s t r i b u t i o n  f o r  % -  0 . 9  
a  =  o
1 4 4
T h e  c o l u m n K
0
Z K s h o w s  t h e  p r o p o r t i o n  o f  f r e e  d e f l e c t i o n  ( o r
b e n d in g  m o m e n t) w h ic h  o c c u r s  a t  e a c h  o f  t h e  r e f e r e n c e  p o i n t s .  T h e  
f i n a l  c o lu m n  d i s t r i b u t e s  t h e  f r e e  d e f l e c t i o n  o f  0 . 4 4 1 1  in c h e s  i n  
t h e s e  p r o p o r t i o n s .  A  p l o t  o f  t h e  d i s t r i b u t e d  d e f l e c t i o n  i s  g iv e n  
i n  f i g u r e  5 . 9 .
C o m p a r is o n  o f  t h i s  p l o t  w i t h  t h a t  i n  f i g u r e  5 . 8  show s v e r y  
c lo s e  a g re e m e n t  w i t h  h a r m o n ic  a n a l y s i s ,  b o t h  m e th o d s  o v e r e s t i m a t i n g  
t h e  r e a l  d e f l e c t i o n .
A  f u r t h e r  c o m p a r is o n  w as t h e r e f o r e  m ade u s in g  d i s t r i b u t i o n  
c o e f f i c i e n t s  f o r  a  n o n - z e r o  v a l u e  o f  t o r s i o n  c o e f f i c i e n t  7
1 2  x  1 0  3 ( 2 . 2 7 / 1 2 )  +  ( 1 . 4 4 / 8 )
d  3  / ( 2 7 . 5 8 / 1 2  =  0 . 3 8 8
3 0  x  1 0
. =  0 . 0 9 0  
K  c a n  t h e n  b e  c a l c u l a t e d  f r o m
K  =  K  +  (K_ -  K  )  a  a  o 1 o
as show n i n  t a b l e  5 . 7
1 4 5
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F i g u r e  5 . 9  C o m p a r i s o n  o f  e x p e r i m e n t  a n d  o r t h o t r o p i c  
p l a t e  f o r  l o a d  c a s e  1
1 4 6
y Ko K 1 K a K a /Z K a x O .  4 4 1 1
0 3 .9 3 6 3 2 . 7 9 3 1 3 . 5 9 3 3 0 .2 2 8 9 0 . 1 0 1 0
b / 4 3 .9 1 0 5 2 .8 4 3 7 3 .5 9 0 5 0 . 2 2 9 0 0 . 1 0 1 0
b / 2 2 .7 7 4 5 2 . 3 6 2 7 2 . 6 5 1 0 0 . 1 6 8 9 0 .0 7 4 5
3 b / 4 1 .2 3 1 4 1 .8 4 9 9 1 .4 1 7 0 0 . 0 9 0 3 0 .0 3 9 8
b - 0 . 3 5 8 6 1 .4 8 1 1 0 . 1 9 3 3 0 . 0 1 2 3 0 . 0 0 5 4
- b / 4 2 . 8 8 4 1 2 . 2 0 6 7 2 .6 8 0 9 0 . 1 7 0 8 0 .0 7 5 3
- b / 2 1 .5 1 3 6 1 .5 8 5 5 1 .5 3 5 2 0 . 0 9 7 8 0 . 0 4 3 1
- 3 b / 4 0 . 2 1 0 3 1 . 1 4 5 4 0 . 4 9 0 8 0 . 0 3 1 3 0 . 0 1 3 8
- b - 1 . 0 2 0 5 0 . 8 6 0 7 - 0 . 4 5 6 3 - 0 . 0 2 9 1 - 0 . 0 1 2 8
T a b le  5 . 7  C o e f f i c i e n t s  o f  l a t e r a l  d i s t r i b u t i o n  f o r  © = 0 . 9  
a  =  0 . 0 9
T h e  v a lu e s  i n  t b e  f i n a l  c o lu m n  a r e  a l s o  p l o t t e d  i n  f i g u r e  5 . 9 .
5 . 7  F i n i t e  e le m e n t  a n a l y s i s
T h e  g r i d  c o n s is t s ,  o f  1 0  l o n g i t u d i n a l  a n d  17 t r a n s v e r s e
g r i d  l i n e s ,  g i v i n g  1 7 0  n o d e  p o i n t s  ( f i g u r e  5 . 1 0 ) .  B y t h i s
d i v i s i o n ,  2 8 8  p l a t e  e le m e n t s  an d  1 2 8  b e a m  e le m e n ts  a r e  fo r m e d ,  t b e
p r o p e r t i e s  o f  w h ic h  a r e  g iv e n  i n  s e c t i o n  5 . 4 .  B e c a u s e  t b e  w h e e l
p o s i t i o n s  do  n o t  c o i n c id e  w i t h  n o d e  p o i n t s  a  p r e l i m i n a r y  s t a t i c
d i s t r i b u t i o n  o f  w h e e l  lo a d s  t o  a d j a c e n t  n o d e s  w as m a d e , as  show n i n  
f i g u r e s  5 . 1 1  a n d  5 . 1 2 ,  a n d  t b e  m axim um  t e s t  lo a d  a p p l i e d  w as 5 to n s
t o t a l .  T h e  c o m p u te d  r e s u l t s  w e r e  f o r  a  t o t a l  lo a d  o f  3 2  k i p s
( 1 4 . 3  t o n s ) ;  t h e y  w e r e  s c a le d  b y  a  f a c t o r  o f  5 / 1 4 . 3 .
T h e  p r o g r a m  c a l c u l a t e s ,  i n t e r  a l i a ,  t b e  v e r t i c a l  d is p la c e m e n t s
a t  t h e  n o d e s  an d  t h e  e le m e n t  c e n t r i c a l  an d  a v e r a g e  n o d a l  b e n d in g  
a n d  t w i s t i n g  m o m e n ts .
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T h e  o b s e r v e d  d e f l e c t i o n s  a r e  c o m p a re d  w i t h  t h o s e  p r o d u c e d  b y  t b e  
f i n i t e  e le m e n t  p r o g r a m  i n  f i g u r e s  5 ! 3 ,  5 ! 4 ,  5 . 1 5 ,  5 ! 6  an d  5 ! 7 .
T h e  e x p e r i m e n t a l  d e f l e c t i o n s  w e r e  m e a s u re d  o n  t b e  l i n e  o f  w h e e ls  
n e a r e s t  t o  t b e  t r a n s v e r s e  c e n t r e  l i n e  o f  t h e  b r i d g e ;  w h i l e  t h i s  i s  
t h e  l o c a t i o n  o f  m axim um  b e n d in g  m o m e n t, i t  i s  n o t  t h a t  o f  m axim um  
d e f l e c t i o n .  H o w e v e r ,  f o r  c o n s is t e n c y  t b e  c o m p u te r  d e f l e c t i o n s  a r e  
t a k e n  f r o m  t b e  g r i d  l i n e  c o n n e c t in g  n o d e s  9 1  -  1 0 0 .
Bending moments
T h e  e x p e r i m e n t a l  r e s u l t s  a r e  g iv e n  i n  te r m s  o f  t b e  s t r e s s  i n  
t b e  b o t t o m  f l a n g e  o f  t h e  s t e e l  b eam . F o r  c o m p a r is o n ,  t b e  c o m p u te d  
e le m e n t  b e n d in g  m om ents h a v e  b e e n  d i v i d e d  b y  tb e  b o t t o m  f l a n g e  
c o m p o s ite  s e c t i o n  m o d u lu s . T h e  c o m p a r a t iv e  r e s u l t s  a r e  p l o t t e d  
i n  t b e  lo w e r  p a r t  o f  f i g u r e s  5 . 1 3 ,  5 . 1 4 ,  5 Z 5 ,  5 . 1 6  a n d  5 . 1 7 .
5 . 8  G r i l l a g e  a n a l y s i s
T h e  d e c k  w as  d i v i d e d  b y  8 l o n g i t u d i n a l  an d  17  t r a n s v e r s e  g r i d  
l i n e s  t o  fo r m  a  r e c t a n g u l a r  g r i d  h a v in g  1 3 6  n o d e s ,  1 2 8  l o n g i t u d i n a l  
b eam s a n d  1 1 9  t r a n s v e r s e  b e a m s . T b e  l o n g i t u d i n a l  g r i d  l i n e s  
c o in c id e d  w i t h  t b e  a c t u a l  m o d e l b e a m s ; t b e  s l i g h t  a s y m m e try  o f  
t b e  d e c k  o u t s t a n d  a t  t b e  e d g e s  w as n e g le c t e d  ( f i g u r e  5 ! 8 ) .
T h e  p ro g ra m m e  c a l c u l a t e s  t b e  v e r t i c a l  d is p la c e m e n t  a t  t b e  n o d e s  
an d  t b e  b eam  b e n d in g  m o m e n ts . I t  i s  n o t  n e c e s s a r y  t o  d i s t r i b u t e  t h e
V e r t i c a l  d i s p l a c e m e n t s
1 5 1
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lo a d s  t o  n o d a l  p o i n t s ;  t h e  p r o g r a m  h a s  a  f a c i l i t y  f o r  a c c e p t in g
lo a d s  o n  beam s b e tw e e n  n o d e s .
V e r t i c a l  d is p la c e m e n t s  a n d  b e n d in g  m om ents
T h e  o b s e r v e d  d e f l e c t i o n s  a n d  b e n d in g  m om ents a r e  c o m p a re d  w i t h  
t h o s e  p ro d u c e d  b y  t h e  g r i l l a g e  p ro g r a m  i n  f i g u r e s  5 . 1 9 ,  5 . 2 0 ,  5 . 2 1 ,  
5 . 2 2  a n d  5 . 2 3  i n  a  m a n n e r  s i m i l a r  t o  s e c t i o n  5 . 7 .  F i g u r e  5 . 1 9  a l s o  
show s t h e  d e f l e c t i o n  an d  b e n d in g  s t r e s s  f o r  g r i d  m em bers h a v in g  
t o r s i o n a l  s t i f f n e s s .
5 . 9  D is c u s s io n
O f  t h e  m e th o d s  u s e d  t o  c o m p a re  e x p e r im e n t  w i t h  t h e o r y ,  i t  i s  
c l e a r  t h a t  t h e  f i n i t e  e le m e n t  m e th o d  p ro d u c e s  r e s u l t s  w h ic h  l i e  
c l o s e s t  t o  t h e  e x p e r i m e n t a l  r e a d i n g s ,  th o u g h  s t i l l  i n  e x c e s s  o f  th e m .  
I t  i s  n o t  p o s s i b l e  t o  g e n e r a l i s e  f r o m  t h e  r e s u l t s  o f  o n l y  o n e  
e x p e r im e n t  b u t  w i t h  t h i s  p r o v i s o  i t  d o e s  a p p e a r  t h a t
( a )  n e g l e c t  o f  t h e  t o r s i o n a l  s t i f f n e s s  o f  t h e  d e c k  c a u s e s
c o n s i d e r a b l e  o v e r e s t im a t e  o f  d e f l e c t i o n
( b )  t h e  e f f e c t  o f  c o m p o s ite  a c t i o n  i s  r e p r e s e n t e d  r e a s o n a b ly  
w e l l  b y  u s i n g  c o m p o s i te  b eam  s t i f f n e s s  as  a  p a r a m e t e r
i n  a n a l y s i s .
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66 .1  The a n a l y t i c a l  m eth o d s o f  i n v e s t i g a t i o n  d e s c r ib e d  i n  t h i s
t h e s i s  h a v e  b e e n  com pared w i t h  e a c h  o t h e r  and w it h  e x p e r im e n t a l  d a t a  
o b t a in e d  fro m  a  s i n g l e  s e r i e s  o f  t e s t s  on  a  m o d e l b r id g e  d e c k  r e p r e s ­
e n t a t i v e  o f  o n e  ty p e  o f  s t e e l  beam  and c o n c r e t e  s la b  b r id g e  d e c k .
T h is  c h a p te r  su m m a rises  v e r y  b r i e f l y  t b e  d i s c u s s i o n s  i n  t b e  e a r l i e r  
c h a p te r s  and m akes som e p r o p o s a l s  f o r  f u r t h e r  w o rk .
6 . 2  T h ere  i s  a  c l e a r  d i v i s i o n  b e tw e e n  m eth od s w h ic h  r e q u ir e
\
com p u ter  w ork  and t h o s e  w h ic h  do n o t  i n  a  number o f  s e n s e s  o f  w h ic h  
" a c c u r a c y "  and " e f f o r t "  a r e .o n ly  tw o . T h ere  ca n  b e  n o  d o u b t t h a t  
com p u ter  a n a l y s i s  b y  g r i l l a g e  o r  f i n i t e  e le m e n t  s im u la t io n  g i v e s  
a n sw ers  w h ic h  a r e  n u m e r ic a l ly  c l o s e r  t o  t h e  e x p e r im e n t a l  r e s u l t s  
t h a n , s a y ,  a  s im p le  ban d  m eth od  w h ic h  u t i l i s e s  f i r s t  h a rm o n ic  lo a d in g .  
The e f f o r t  in v o lv e d  i n  d a t a  p r e p a r a t io n  f o r  t b e  c o n p u t e r ,  h o w e v e r , may 
b e  much la r g e r  th a n  t h a t  f o r  t b e  band m ethod and i n t e r p r e t a t i o n  o f . a  
la r g e  am ount o f  com p u ter  p r i n t - o u t  w i l l  b e  s i m i l a r l y  t im e  c o n su m in g .
6 . 3  The n e e d s  o f  t b e  e n g in e e r  may b e s t  b e  s e r v e d  b y  a j u d i c i o u s
c o m b in a t io n  o f  a  s im p le  band  m eth od  t o  e s t im a t e  t h e
Conclusions
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a p p r o x im a te  d im e n s io n s  o f  t h e  s t r u c t u r e  w i t h  a l a t e r  co m p u ter  run  
t o  r e f i n e  t h e  i n i t i a l  g u e s s .
6 . 4  The com p u ter  i s  f i r m ly  e s t a b l i s h e d  a s  a  m a jo r  t o o l  in  
e n g in e e r in g  a n a l y s i s .  What i s  now r e q u ir e d  i s  an e f f o r t  t o  o r g a n is e  
in p u t  and o u tp u t  t o  t h e  co m p u ter  i n  su c h  a way t h a t
(a )  d a ta  p r e p a r a t io n  i s -  r e d u c e d  t o  a  minimum b y  a u to m a t ic
g r id  g e n e r a t io n  and v e h i c l e  (HB ty p e )  lo a d  g e n e r a t io n
(b )  s e l e c t i v e  p r i n t i n g  o f  o u tp u t  i s  p o s s i b l e  s o  t h a t  o n ly  
r e s u l t s  r e q u ir e d  b y  t h e  e n g in e e r  a r e  p r o d u c e d
( c )  c o m p le te  c o n t r o l  b y  t h e  e n g in e e r  o f  t h e  lo a d  c o m b in a t io n s
t o  b e  t r e a t e d  i s  a c h ie v e d .
C u rren t p rogram s f a l l  b e lo w  t h e s e  s ta n d a r d s  and i n  many c a s e s  
demand su c h  l a r g e  com p u ter  s t o r a g e  t h a t  o n ly  m a jo r  com p u ter  
i n s t a l l a t i o n s  ca n  ru n  them .
6 .5  T h ere  d o e s  n o t  y e t  a p p ea r  t o  b e  an a n a l y t i c a l  m ethod  w h ic h
i s  s u i t a b l e  f o r  p r a c t i c a l  a p p l i c a t i o n  t o  t h e  e i g t h  o r d e r  c o m p o s ite  
r ib b e d  p l a t e  w h ic h  i s  r e q u ir e d  f o r  c o m p le te  s im u la t io n  o f  a c o m p o s ite  
b r id g e  d e c k .
6 .6  The p ro b lem  o f  l o c a l  e f f e c t s  o f  h e a v y  w h e e l  lo a d s  h a s  s t i l l  
t o  b e  r e s o l v e d .  The l o c a l  s t r e s s e s  c a u s e d  i n  p l a t e  a c t i o n  com bine w it h  
s t r e s s e s  c a u s e d  b y  b e n d in g  o f  t h e  r ib b e d  p l a t e  i n  a w ay w h ic h  i s  
i m p e r f e c t l y  u n d e r s to o d .
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6 . 7  The t o r s i o n a l  s t i f f n e s s  o f  t h e  r e in f o r c e d  c o n c r e t e  d eck  i s  
v e r y  im p o r ta n t  i n  d i s t r i b u t i n g  lo a d .
6 . 8  S u g g e s t io n s  f o r  f u r t h e r  w ork
( a )  I n v e s t i g a t i o n  o f  l o c a l  s t r e s s e s  i n  r e i n f o r c e d  c o n c r e t e  
d e c k s  c o m p o s ite  w i t h  s t e e l  beam s u n d er  c o n c e n t r a t e d  lo a d s  
c o v e r in g  an  a r e a  c o m p a t ib le  w i t h  h e a v y  v e h i c l e  t y r e  p r e s s u r e s ,  
b o th  b y  a n a l y s i s  and e x p e r im e n t .
(b )  I n t e r a c t i o n  b e tw e e n  t h e s e  l o c a l  s t r e s s e s  and o v e r a l l  
b e n d in g  s t r e s s e s .
( c )  D ev e lo p m en t o f  hand  m eth o d s t o  im p rove t h e i r  a c c u r a c y  
w hen u s e d  w it h  c o m p o s ite  d e c k s .  T h is  w ork c o u ld  b e  com bined  
w it h  t h e  w r i t i n g  o f  p r o g r a m s , b a s e d  on hand m e th o d s , s u i t a b l e  
f o r  u s e  w i t h  s m a l l  c o m p u te r s .
(d ) C om parison  o f  a n a l y s i s  and e x p e r im e n t  u s in g  t h e  r e s u l t s  
o f  a number o f  t e s t s  on b o th  m od el and f u l l  s i z e  b r id g e s  
c o v e r in g  a r a n g e  o f  d e c k  g e o m e tr y .
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Timoshenko, S.P. 1953 H is to ry  o f S treng th  of M ate ria ls .
W e s te r g a a r d , H.M. 193 0  C o m p u ta tio n  o f  s t r e s s e s  i n  b r id g e  s la b s
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N otation
Sym bols a r e  g e n e r a l l y  d e f in e d  a s  th e y  f i r s t  o c c u r  i n  t h e  
t e x t .  The l i s t  b e lo w  c o n t a in s  t h e  m o st common o f  th em .
a  d im e n s io n ,  p l a t e  w id th
b d im e n s io n , p l a t e  le n g t h
c  d im e n s io n , c o n s t a n t
e  d im en s io n
h  t h i c k n e s s
k  c o n s t a n t
m h a rm o n ic  number
n  h a rm o n ic  number
p ,  q d i s t r i b u t e d  lo a d ,  g e n e r a l  lo a d in g
t  t h i c k n e s s
u ,  v  c o o r d in a t e s
w d e f l e c t i o n  i n  %  d i r e c t i o n s
x ,  y ,  z  c o o r d in a t e  a x e s
C c o n s t a n t
D p l a t e  s t i f f n e s s
E Y o u n g 's  m odulus
G shear modulus
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I  s e c o n d  moment o f  a r e a
L sp a n
M b e n d in g  moment
P c o n c e n t r a t e d  lo a d
Q s h e a r  f o r c e
W c o n c e n t r a t e d  lo a d
a  c o e f f i c i e n t
8 c o e f f i c i e n t
E c o o r d in a t e
v  P o i s s o n ’ s  r a t i o
x c o e f f i c i e n t  o f  r i g i d i t y
H shear modulus
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